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RIGIDITY OF MANIFOLDS WITH BOUNDARY 
UNDER A LOWER BAKRY-EMERY 
RICCI CURVATURE BOUND 

YOHEI SAKURAI 


Abstract. We study Riemannian manifolds with boundary un¬ 
der a lower Bakry-Emery Ricci curvature bound. In our weighted 
setting, we prove several rigidity theorems for such manifolds with 
boundary. We conclude a rigidity theorem for the inscribed radii, 
a volume growth rigidity theorem for the metric neighborhoods 
of the boundaries, and various splitting theorems. We also ob¬ 
tain rigidity theorems for the smallest Dirichlet eigenvalues for the 
weighted p-Laplacians. 


1. Introduction 

For Riemannian manifolds without boundary, under a lower Bakry- 
Emery Ricci curvature bound, we know several comparison results and 
rigidity theorems (see e.g., [ 12 ], [ 32 ], [ 33 ] and [ 33 ] )• For metric measure 
spaces, Lott and Villani [ 33 ], [ 33 ], and Sturm [ 32 ], [ 33 ] have introduced 
the so-called curvature dimension condition that is equivalent to a lower 
Bakry-Emery Ricci curvature bound for manifolds without boundary. 
Under a curvature dimension condition, they have obtained comparison 
results in [ 33 ] and [ 32 ]- Under a more restricted condition, Gigli [15] . 
and Ketterer [ 23 ], [ 23 ] have recently studied rigidity theorems. 

In this paper, we study Riemannian manifolds with boundary under 
a lower Bakry-Emery Ricci curvature bound, and under a lower mean 
curvature bound for the boundary. For such manifolds with boundary, 
we obtain several comparison results, and we prove rigidity theorems. 
In an unweighted standard setting, for instance, Heintze and Karcher 
[a, and Kasue [19] have obtained comparison results, and Kasue |20j . 
[ 21 ], and the author [ 30 ] have done rigidity theorems. We generalize 
them in our weighted setting. 
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1.1. Setting. For n > 2, let M be an n-dimensional, connected com¬ 
plete Riemannian manifold with bonndary with Riemannian metric g. 
The bonndary DM is assnmed to be smooth. We denote by (Im the 
Riemannian distance on M indnced from the length strnctnre deter¬ 
mined by g. Let / : M —)• M be a smooth fnnction. For the Riemannian 
volnme measnre vol^ on M indnced from g, we pnt ruf := e~^ vol^. 

We denote by RiCg the Ricci cnrvatnre on M defined by g. We 
denote by V/ the gradient of /, and by Hess / the Hessian of /. For 
N G (—cxo,cxo], the Bakry-Emery Ricci curvature Ric^ is defined as 
follows ([2], [M]): If iV G (—cxo, oo) \ {n}, then 

AT Vf <8) Vf 

Ric^ := RiCg -|- Hess /- — -; 

if At = CX3, then Ric^ := Ric^ -|- Hess /; if At = n, and if / is a constant 
fnnction, then Ric^ := Ric^; if At = n, and if / is not constant, then 
pnt Ric^ := —oc. For iF G M, by Ric^^^^ > K we mean that the 
inhmnm of Ric^ on the nnit tangent bnndle on the interior Int M of 
M is at least K. For x G dM, we denote by the mean cnrvatnre 
on dM at a; in M defined as the trace of the shape operator for the 
nnit inner normal vector Ux at x. The f-mean curvature Hj^x at x is 
defined by 

^f,x • Hx T 5^((^/)a:) • 

For A G M, by Hf^QM > A we mean infx^dM Hf^x > A. The snbject 
of onr study is a metric measure space (M, dMj'mj) such that for N G 
[n, cxd), and for k, A G M, we have Ric^^ > (N — 1)k and Hf^gM > 
(At — 1)A, or such that Ric^j^^ > 0 and Hf^gM > 0. 

1.2. Inscribed radius rigidity. For k G M, we denote by M/ the n- 
dimensional space form with constant curvature k. We say that k G M 
and A G M satisfy the ball-condition if there exists a closed geodesic 
ball ia MJt with non-empty boundary dB'^x such that dB^x has 
a constant mean curvature (n — 1)A. We denote by the radius of 
B^x- We see that k, and A satisfy the ball-condition if and only if either 

(1) K > 0; (2) K = 0 and A > 0; or (3) k < 0 and A > \/\k\. Let s^^xit) 
be a unique solution of the so-called Jacobi-equation 

(j)''{t) -f = 0 

with initial conditions 0(0) = 1 and 0/0) = —A. We see that k and A 
satisfy the ball-condition if and only if the equation Sf^^x{t) = 0 has a 
positive solution; in particular, Ck,\ = inf{t > 0 | s^^xit) = 0}. 
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Let pqm : M —)■ M be the distance function from dM defined as 
PdAdip) ■= dM{p,dM). The inscribed radius of M is dehned as 

D{M,dM) := sup P 3 m{p)- 

pgm 

We have the following rigidity theorem for the inscribed radius: 

Theorem 1.1. Let M he an n-dimensional, connected complete Rie- 
mannian manifold with boundary, and let f be a smooth function on 
M. Let K G M and A G M satisfy the ball-condition. For N G [n, oo), 
we suppose Ric^^ > {N — 1)k and > (iV — 1)A. Then we 

have D{M,dM) < Moreover, if there exists p E M sueh that 

PdAdip) = Ck,\, then {M,dM) is isometric to J and N = n; 

in particular, f is constant on M. 

Kasue [20] has proved Theorem II.II in the standard case where / = 0 
and N = n. We prove Theorem 11.11 in a similar way to that in |2Uj . 

Remark 1.1. M. Li [28] later than [20] has proved Theorem 11.11 when 
f = 0, N = n and k = 0. H. Li and Wei have proved Theorem 11.11 in 
[27] when k = 0, and in [26] when k < 0. In [26] and [27], Theorem ll.il 
in the specihc cases have been proved in a similar way to that in |28j . 

1.3. Volume growth rigidity. For k G M and A G M, if k and A 
satisfy the ball-condition, then we put (7 k,a := CkX otherwise, (Tk^a : = 
oo. We define a function Sk,a : [0, oo) R by 

- m ift<C'«„A, 

^ ■“ \o ift >a.A- 

For N G [2, oo), we dehne a function sn,k,\ ■ (0, oo) —)■ R by 

pr 

SN,K,x{r)-.= s^,f\'t)dt. 

Jo 

For r > 0, we put Br{dM) := {p G M | Pdwi{p) < f }. For x G dM, 
let 7 ^; : [0,T) —)■ M be the geodesic with initial conditions 7a;(0) = x 
and 7^(0) = u^- We denote by h the induced Riemnnian metric on 
dM. For the Riemannian volume measure voR on dM induced from 
h, we put mjpM '■= voR. For an interval I, and for a connected 

component dMi of dM, let / x^.a dMi denote the warped product 
(/ X dMi,df^ -\- s^ a(^)^)- Lk,a := [0, C'k,a] \ {oo}, and denote 

by df^^\ the Riemannian distance on /k,a x k,a dM. 

We obtain relative volume comparison theorems of Bishop-Gromov 
type for the metric neighborhoods of the boundaries (see Theorems 15.41 
and 15.51) . We conclude rigidity theorems concerning the equality cases 
in those comparison theorems (see Subsection 15.31) . 
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One of the volume growth rigidity results is the following: 


Theorem 1.2. Let M be an n-dimensional, connected complete Rie- 
mannian manifold with boundary, and /ef / : M —)■ M 6e a smooth 
function. Suppose that dM is compact. For N G [n, cxd), we suppose 
> {N — 1 )k and HfpM '> {N — 1)A. If we have 


( 1 . 1 ) 


lim inf 

r—>-oo 


mf{Br{dM)) 

SN,KAr) 




then (M, dM) is isometric to (/^^a d^^x), and for every x G dM 

we have / o = f[x) — {N — n) logs^y on Ik,\- Moreover, if k and 
X satisfy the ball-condition, then [M,dM) is isometric to 
and N = n; in particular, f is constant on M. 


In [ID], Theorem 11.21 has been proved when / = 0 and N = n. 
In the case of = cxo, we have the following: 


Theorem 1.3. Let M be a connected complete Riemannian manifold 
with boundary, and let f : M ^ M. be a smooth function. Suppose that 
dM is compact. Suppose > 0 and >0. If we have 

( 1 . 2 ) luainLMMMAyrniMm, 

r—^oo T ’ 

then {M,dM) is isometric to ([0, cxo) x dM,d[o^oo)xdM)- 

Remark 1.2. On one hand, under the same setting as in Theorem 11.21 
we always have the following (see Lemma [5.2p : 

(1.3) lim sup < rnp 9 M{dM). 

r —>-00 S7V,k,a('^) 

On the other hand, under the same setting as in Theorem 11.31 we 
always have the following (see Lemma [5.3p : 

(1.4) limsup < rnp 9 M{dM). 

r—>-oo ^ 

Theorems 11.21 and 11.31 are concerned with rigidity phenomena. 

Remark 1.3. In the forthcoming paper [41], we prove the same result as 
Theorem II. 3l under a weaker assumption that Ric^^ > 0 and HfpM > 
0 for iV < 1. In the rigidity case, we prove further that for every 
X G dM the function / o is constant on [0, oo) (see Theorem 1.1 in 
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I. 4. Splitting theorems. Define a function r : dM —)• M U {cxo} by 

(1.5) t{x) := sup{ t e (0, oo) \ pdM{lx{t)) = t }• 

We obtain the following splitting theorem: 

Theorem 1.4. Let M be an n-dimensional, connected complete Rie- 
mannian manifold with boundary, and /ef / : M —)■ M 6e a smooth 
function. Let k < 0 and A := For N G [n, cxd), we suppose 

Ric^M — (W—1 )k andHfpM > {N—1)X. If for some Xq G dM we have 
t(xo) = oo, then {M,dM) is isometric to ([0, cxo) dM,d,^^\), and 
for all X G dM and t G [0, oo) we have (/ o 'yx){t) = f(x) + {N — n)Xt. 

In the standard case where / = 0 and N = n, Kasue [20] has proved 
Theorem 11.41 under the assumption that the boundary is compact (see 
also the work of Croke and Kleiner m)- In the standard case, Theorem 

II. 41 itself has been proved in [40] . 

In the case of W = oo, we have the following splitting theorem: 


Theorem 1.5. Let M be a connected complete Riemannian manifold 
with boundary, and let f : M ^ M. be a smooth function such that 
sup f{M) < oo. Suppose Ric'^x^ > 0 and HfpM > 0. If for some xq G 
dM we have t(xo) = oo, then the metric space (M, d^) is isometric to 
([O, oo) X d[g oo) x 9 m) • 


Remark 1.4. In Theorem 11.51 we need the assumption sup/(M) < oo. 
We denote by the (n — l)-dimensional standard unit sphere, and 
by ds‘^_i the canonical metric on We put 


M := ([0, oo) X S" + cosh^tds^_i) . 


Let / be a function on M defined by f{p) := (n — 1)pqm{pY- Then 
for all X G dM we have Hf ^ = Hx = 0. Take p G Int M, and put 
I '■= PdMip)- We choose an orthonormal basis of of TpM such 

that Cn = VpdM- For alH = 1,..., n — 1, we have 


Ricg{ei,ei) 


(«-2)l 


— sinh^ I 
cosh ^I 


1, Hess/(ei,ei) = 2(n - 


1 )/ 


sinh I 
cosh I ’ 


and RiCg(en,en) = —(n — 1), Ressf{en,en) = 2(n — 1). For all i,j = 
l,...,n with i 7 ^ j, we have RiCg(ei,ej) = 0 and Hess/(ei,ej) = 0. 
From direct computations, it follows that if n > 3, then Ric“;^^ > 0 
and HfpM > 0. On the other hand, M is not isometric to the direct 
product [0, oo) X 


Remark 1.5. In [H], we prove the same splitting theorem as Theorem 
11.51 under a weaker assumption that Ric^^ > 0 and HfpM > 0 for 
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< 1. In the splitting case, we show that for every x G dM the 
function / o is constant (see Theorem 1.3 in [IT]). 

In Theorems 11.41 and 11.51 by applying the splitting theorems of 
Cheeger-Gromoll type (cf. [lO]) to the boundary, we obtain the multi¬ 
splitting theorems (see Subsection [63]) • We also generalize the splitting 
theorems studied in [20] (and [H], [TB]) for manifolds with boundary 
whose boundaries are disconnected (see Subsection 16.41) . 


1.5. Eigenvalue rigidity. For p G [l,cx3), the {l,p)-Sobolev space 
WQ'^{M,mf) on {M,mf) with compact support is dehned as the com¬ 
pletion of the set of all smooth functions on M whose support is com¬ 
pact and contained in Int M with respect to the standard (l,p)-Sobolev 
norm. We denote by || • || the standard norm induced from and by div 
the divergence with respect to g. For p G [l,C)o), the {f,p)-Laplacian 
for (p G lFo’^(M, m/) is dehned by 

:= —div (e“'^||V0) 


as a distribution on 1 Fq^’^(M, m/). A real number p is said to be an 
{f,p)-Dirichlet eigenvalue for Aj^p on M if there exists a non-zero func¬ 
tion (p G WQ^{M,mf) such that Af^pCp = p\(p\P~^ (p holds on Int M in 
a distribution sense on 1 Fq^’^(M, m/). For p G [l,C)o), the Rayleigh 
quotient Rf^p{(p) for cp G WQ^{M,mf) \ {0} is dehned as 




Im W^^^druf 
Im \4>\Pdmf 


We put pf^i^p{M) := inf^ Rf^p{(p), where the inhmum is taken over all 
non-zero functions in lFg^’^(M, mf). The value /i/_i^ 2 (Af) is equal to the 
inhmum of the spectrum of on If M is compact, and 

if p G (1, cxd), then /ryi_p(M) is equal to the inhmum of the set of all 
(/, p)-Dirichlet eigenvalues on M. 

Let p G (1, oo). For N G [2, oo), k, A G M, and D G (0, (Fk,a] \ {oo}, 
let Pp^n,k,x,d he the positive minimum real number p such that there 
exists a non-zero function cp : [0, H] —)■ R satisfying 


s' (t) 

(1.6) (i^'(()r-v(i))' +{N- 

Sk,\\x ) 

+ /i|0(t)rV(t) = O, 0(0) = 0, 0'(Z1) = O. 


For D G (0, oo), let Pp,oo,D be the positive minimum real number p 
such that there exists a non-zero function 0 : [0, H] —)■ R satisfying 

(1.7) (|.).'(i)rv(())'+AW()rV(f)=o, ^(o) = o, ^•(D) = o. 
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We recall the notion of model spaces that has been introduced by 
Kasue in [2T] in our setting. We say that a G M and A G M satisfy the 
model-condition if the equation = 0 has a positive solution. We 

see that k and A satisfy the model-condition if and only if either (1) 
A > 0 and A < 0; (2) K = 0 and A = 0; or (3) k < 0 and A G (0, \/[^). 

Let K G M and A G M satisfy the ball-condition or the model- 
condition. Suppose that M is compact. For k and A satisfying the 
model-condition, we define a positive number D^^x{M) as follows: If 
K = 0 and A = 0, then := D{M,dM)-, otherwise, : = 

{t > 0 I = 0}- {M,dM) is a {k, X)-equational 

model space if M is isometric to either (1) for k and A satisfying the 
ball-condition, the closed geodesic ball (2) for n and A satisfy¬ 

ing the model-condition, and for a connected component dMi of dM, 
the warped product [0, 2iAK,A(^)] dMi] or (3) for n and A sat¬ 
isfying the model-condition, and for an involutive isometry a of dM 
without fixed points, the quotient space ([0, 2iAK,A(^)] XK,xdM)/Ga, 
where is the isometry group on [0,2Dk,x{M)] x^.a dM whose ele¬ 
ments consist of the identity and the involute isometry a defined by 
a{t, x) := {2 D^^x{M) - t, (t{x)). 

Let p G (l,cx)). Let M be a (a, A)-equational model space. From 
a standard argument, we see that if M is isometric to B^x, then 
/io,i,p(dL) = fip,n,K,x,c^ X- Furthermore, if M is not isometric to B^x, 
then /io,i,p(M) = pip,n,K,x,D^^xi,M) for the corresponding k, A and D^^x{M). 

We establish the following rigidity theorem for 

Theorem 1.6. Let M be an n-dimensional, connected complete Rie- 
mannian manifold with boundary, and /ef / : M —)■ M 6e a smooth 
function. Suppose that M is compact. Let p G (l,oo). For N G 
[n, cxd ), we suppose Ric^j^f ^ ~ 1)^ ^fPM > (N — 1)A. For 

D G (0,(Fk,a] \ {oo}, we assume D{M,dM) < D. Then we have 

(1-8) /i/,1,p(M) > fip,N,K,X,D- 

If the equality in fll.Sp holds, then {M,dM) is a {n, X)-equational model 
space; more precisely, the following hold: 

(1) if D = (7k,A; ^ Olid A satisfy the ball-condition, {M, dM) 

is isometric to (i?7,A5 and N = n; in particular, f is 

constant on M; 

(2) if D E (0,(7k,a), then n and X satisfy the model-condition, 
(M, dM) is a (k, X)-equational model space, and f o'jx = fix) — 
[N — n) logSK,A on [0, D,^^x{M)] for all x G dM. 

Kasue |2T] has proved Theorem 11.61 when p = 2, f = 0 and N = n. 
It seems that the method of the proof in [21] does not work in our 
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non-linear case of p 7 ^ 2 (see Remark 17.31) . We prove Theorem 11.61 bv a 
global Laplacian comparison result for pqm (see Proposition 13.7p and 
an inequality of Picone type for the p-Laplacian (see Lemma [7. ip . 

In the case of iV = cxo, we have the following: 

Theorem 1.7. Let M be a connected complete Riemannian manifold 
with boundary, and let f : M ^ M. be a smooth function. Suppose that 
M is compact. Let p E (l,oo). Suppose Ric“^ > 0 and Hf^M > 0. 
For D E (0, 00 ), we assume D{M, dM) < D. Then we have 


(1.9) 


h/,i,p(-^) — Tp ,oo,D* 


If the equality in fll.9p holds, then the metric space {M,dM) is a (0,0)- 
equational model space, and D{M,dM) = D. 

Remark 1.6. In |TT], we prove the same rigidity result as Theorem 11.71 
under a weaker assumption that > 0 and Hj^m > 0 for iV < 1. 

In the rigidity case, we also prove that for every x E dM the function 
/ o is constant on [0, D] (see Theorem 1.5 in |TT]). 

In Theorems II.61 and II.71 we have explicit lower bounds for (see 
Subsection 17.3p . 

We show some volume estimates for a relatively compact domain 
in M (see Propositions 18.11 and 18.2p . From the volume estimates, we 
derive lower bounds for for manifolds with boundary that are not 
necessarily compact (see Theorems 18.41 and 18.5p . By using the estimate 
for and by using Theorem 11.41 we obtain the following: 

Theorem 1.8. Let M be an n-dimensional, connected complete Rie¬ 
mannian manifold with boundary. Let / : M —)■ M 6e a smooth func¬ 
tion. Suppose that DM is compact. Let p E (1,cxd). Let k < 0 and 
A := \/m. For N E [ n, oc), we suppose RiCj 1 )a and 

HfpM > {N — l)A. Then we have 



(I.IO) 


If the equality in fll.lOp holds, then the metric space (M, du) is isomet¬ 
ric to ([0,oo) Xk,a dM,dK,\), and for all x E dM and t E [0, 00 ) we 
have (/ o 7 ,^)(t) = f{x) + In - n)\t. 

Theorem 11.81 has been proved in [10] in the standard case where 
/ = 0 and N = n. 

1.6. Organization. In Section |2l we prepare some notations and recall 
the basic facts for Riemannian manifolds with boundary. In Section [3l 
we show Laplacian comparison theorems for the distance function from 
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the boundary. In Section IH we prove Theorem 11.11 In Section [5l we 
show several volume comparison theorems, and conclude Theorems 11.21 
and 11.31 In Section [6l we prove Theorems 11.41 and 11.51 and study the 
variants of the splitting theorems. In Section [TJ we prove Theorems 
11.61 and and study explicit lower bounds for In Section [HI we 

prove Theorem 11.81 

Acknowledgements. The author would like to express his gratitude to 
Professor Koichi Nagano for his constant advice and suggestions. The 
author would also like to thank Professors Takashi Shioya and Christina 
Sormani for their valuable comments. The author is grateful to an 
anonymous referee of some journal for useful comments. One of the 
comments leads the author to study rigidity phenomena in weighting 
functions. 


2. Preliminaries 

We refer to |5] for the basics of metric geometry, and to |39] for the 
basics of Riemannian manifolds with boundary. 

2 . 1 . Metric spaces. Let {X,dx) be a metric space with metric dx- 
For r > 0 and A C X, we denote by Ur{A) the open r-neighborhood 
of A in X, and by Br{A) the closed one. For Ai,A2 C X, we put 
dx(Ai,A2) := infx^eAi,x2eA2 dx{xi,X2). 

For a metric space (X, dx)-, the length metric dx is dehned as follows: 
For two points Xi,X 2 G X, we put dx{xi,X 2 ) to the inhmum of the 
length of curves connecting Xi and X 2 with respect io dx- A metric 
space (X, dx) is said to be a length space if dx = dx- 

Let (X, dx) be a metric space. For an interval /, we say that a curve 
7 : J ^ X is a normal minimal geodesic if for all s,t E I we have 
dx( 7 ( 5 ), 7 (f)) = |s — f|, and 7 is a normal geodesic if for each t E I 
there exists an interval J C / with t E J such that 7 |j is a normal 
minimal geodesic. A metric space (X, dx) is said to be a geodesic space 
if for every pair of points in X, there exists a normal minimal geodesic 
connecting them. A metric space is proper if all closed bounded subsets 
of the space are compact. The Hopf-Rinow theorem for length spaces 
states that if a length space (X, dx) is complete and locally compact, 
and if dx < 00 , then (X, dx) is a proper geodesic space (see e.g.. 
Theorem 2.5.23 in 0 ). 

2.2. Riemannian manifolds with boundary. For n > 2, let M 

be an n-dimensional, connected Riemannian manifold with (smooth) 
boundary with Riemannian metric g. For p E Int M, let TpM be the 
tangent space at p on M, and let UpM be the unit tangent sphere 
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at p on M. We denote by || • || the standard norm induced from g. If 
Vi,... ,Vk G TpM are linearly independent, then we see Hvi A• • • Affcll = 
A/det(( 7 (nj, Vj)). Let be the length metric induced from g. If M is 
complete with respect to d-M, then the Hopf-Rinow theorem for length 
spaces tells us that the metric space (M, du) is a proper geodesic space. 

For i = 1, 2, let Mi be connected Riemannian manifolds with bound¬ 
ary with Riemannian metric gi. For each i, the boundary dMi carries 
the induced Riemannian metric hi. We say that a homeomorphism 
<h : Ml —>■ M 2 is a Riemannian isometry with boundary from Mi to M 2 
if <F satishes the following conditions: 

(1) d)|intMi : IntMi -)■ IntM 2 is smooth, and (<l)|intMi)*( 5 ' 2 ) = Qi] 

( 2 ) <hjaMi : dMi -)■ dM 2 is smooth, and ($|aMi)*(h 2 ) = hi. 

If <F : Ml —)• M 2 is a Riemannian isometry with boundary, then the 
inverse is also a Riemannian isometry with boundary. Notice that 
there exists a Riemannian isometry with boundary from Mi to M 2 if 
and only if the metric space {Mi,dMi) is isometric to {M 2 ,dM 2 ) (see 
e.g.. Section 2 in [ID])- 


2.3. Jacobi fields orthogonal to the boundary. Let M be a con¬ 
nected Riemannian manifold with boundary with Riemannian metric 
g. For a point x G dM, and for the tangent space T^dM at x on dM, 
let T^dM be the orthogonal complement of T^dM in the tangent space 
at X on M. Take u G T^dM. For the second fundamental form S of 
dM, let Au : T^dM —)■ T^dM be the shape operator for u dehned as 

g{Ay^v,w) := g{S{v,w),u). 

We denote by the unit inner normal vector at x. The mean curvature 
Ha; at X is dehned as Ha; := trace We denote by : [0,T) —)■ M 
the normal geodesic with initial conditions 7 a;( 0 ) = x and 7 ^( 0 ) = Ux. 
We say that a Jacobi held Y along is a dM-Jacobi field if Y satishes 
the following initial conditions: 

y(0) G T,dM, r(0) + Ax,Y{t)) G T^dM. 

We say that 7 a;(to) is a conjugate point of dM along jx if there exists 
a non-zero dM-Jacobi held Y along ya, with Y (to) = 0. We denote by 
ri(x) the hrst conjugate value for dM along 'fx- R is well-known that 
for all X G dM and t > rfix), we have t > PdMilxit))- 
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For a point x G dM, and for a piecewise smooth vector field X along 
7a; with X (0) G T^dM, the index form of is dehned as 

IsMiX.X) : = f‘ g(X'{t),X'{t)) - 
Jo 

-g{Au.X{0),xm. 

Lemma 2.1. For x G dM, we suppose that there exists no conjugate 
point of dM on 7a;|[o,io]- Then for every piecewise smooth vector field 
X along with X(0) G T^dM, there exists a unique dM-Jacobi field 
Y along 'jg. with Xlfo) = Y(fo) such that 

IaM{Y,Y)<l9M{X,X)- 

the equality holds if and only if X = Y on [0,fo]- 

For the normal tangent bundle T^dM := [J^^Q^T^dM of dM, let 
0(T-‘-9M) be the zero-section lJxeaM{ G Tf-dM } of T^dM. On 
an open neighborhood of t){T^dM) in T^dM, the normal exponential 
map exp-*- of dM is dehned as exp-‘-(x,M) := 7 x(||w||) for x G dM and 
u G Tf-dM. 

For X G dM and t G [0,ri(a;)), we denote by 6{t,x) the absolute 
value of the Jacobian of exp-*- at [x, tUgf) G T^dM. For each x G dM, 
we choose an orthonormal basis {ex,i}fYi of Tg,dM. For each i, let Yg,^i 
be the (9M-Jacobi held along 7 a; with initial conditions Yg-^fO) = eg,^i 
and YF{0) = — Note that for all x G dM and t G [0,ri(a;)), we 
have 6{t,x) = ||Fa;^i(t) A ■ • • A Y'a:,n-i(^)||- This does not depend on the 
choice of the orthonormal bases. 

2.4. Cut locus for the boundary. We recall the basic properties 
of the cut locus for the boundary. The basic properties seem to be 
well-known. We refer to HJi for the proofs. 

Let M be a connected complete Riemannian manifold with boundary 
with Riemannian metric g. For p G M, we call x G dM a foot point on 
dM of p if dM{p, x) = pdAiip)- Since (M, du) is proper, every point in 
M has at least one foot point on dM. For p G Int M, let x G dM be 
a foot point on dM of p. Then there exists a unique normal minimal 
geodesic 7 : [0, /] —)• M from x to p such that 7 = 7x|[o,i]; where 
I = Pdiviip)- III particular, 7'(0) = and 7|(o,i] lies in IntM. 

Let T : dM —)■ M U {cx)} be the function dehned as fll.51) . By the 
property of Ti, for all x G dM we have 0 < t{x) < Ti{x). The function 
r is continuous on dM. 

We have already known the following (see e.g.. Section 3 in |40jh 
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Proposition 2.2. For every r G (0, cxd ) we have 

Br{dM) = exp-*- ( {tUx I t G [0, mirL{r, r(a;)}]} 

KxGdM 

For the inscribed radius D{M,dM) of M, from the dehnition of r, 
we deduce D{M,dM) = t{x). 

The continuity of r implies the following (see e.g., Section 3 in [10]): 

Lemma 2.3. Suppose that dM is compact. Then D{M,dM) is finite 
if and only if M is compact. 

We put 

TDgu := [J {tUxE T^dM \ t G [0,r(x)) }, 

xGdM 

TCut dM := { y(x) Ux G T^dM \ t{x) < cxd }, 

xedM 

and dehne DgM '.= exp-^{TDgM) and Cut dM := exp-‘-(TCut dM). We 
call Cut dM the cut locus for the boundary dM. By the continuity of 
r, the set Cut dM is a null set of M. Furthermore, we have 

Int M = {DgM \ dM) U Cut 5M, M = DgM U Cut dM. 

This implies that if Cut dM = 0, then dM is connected. The set 
TDgM \ 0{T-^dM) is a maximal domain in T^dM on which exp-*- is 
regular and injective. 

The following has been shown in the proof of Theorem 1.3 in [ID]: 

Lemma 2.4. If there exists a connected component dMo of dM such 
that for all x G dMn we have t{x) = oo, then dM is connected and 
Cut dM = 0. 

The function pgM is smooth on Int M \ Cut dM. For each p G 
Int M \ Cut dM, the gradient vector VpdM{p) of poM at p is given by 
VpaM(p) = 7 X 0 ; where 7 : [ 0 ,Z] ^ M is the normal minimal geodesic 
from the foot point on dM of p to p. 

For C M, we denote by the closure of in M, and by dfl the 
boundary of in M. For a domain Q in M such that dQ is a smooth 
hypersurface in M, we denote by vol^o the canonical Riemannian vol¬ 
ume measure on dfl. 

We have the following fact to avoid the cut locus for the boundary: 

Lemma 2.5. Let Q be a domain in M such that dfl is a smooth hyper¬ 
surface in M. Then there exists a sequence {flfcjfceN of closed subsets of 
satisfying that for every k eN, the set dflk Is a smooth hypersurface 
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in M except for a null set in volan), and satisfying the following 
properties: 

( 1 ) for all ki, ^2 € N with ki < k2, we have flki C flk2! 

(2) n\CutaM = UfceM 

( 3 ) for every /c G N, and for almost every point p G dklk fl dVL in 

there exists the unit outer normal vector for ilk at 
p that coincides with the unit outer normal vector on dfl for 
at p; 

( 4 ) for every /c G N, on dilk\dil, there exists the unit outer normal 
vector field Uk for ilk such that givk, Pom) > 0. 

Moreover, if il = M, then for every A; G N, the set dilk is a smooth 
hypersurface in M, and satisfies dilk fl dM = dM. 

For the cut locus for a single point, a similar result to Lemma [ 2.51 is 
well-known (see e.g., Theorem 4.1 in [ 9 ]). One can prove Lemma 12.51 
by a similar method to that of the proof of the result for the cut locus 
for a single point. We omit the proof. 

2.5. Busemann functions and asymptotes. Let M be a connected 
complete Riemannian manifold with boundary. A normal geodesic 7 : 
[ 0 , 00) — )■ M is said to be a ray if for all G [ 0 , cxd) it holds that 
^^(7(5)5 7(A)) = |s — t\. For a ray 7 : [ 0 , cxo) — )■ M, the Busemann 
function b-y : M ^ M. of 'y is dehned as 

by{p) := \im{t - dM{p,'j{t))). 

t—>-oo 

Take a ray 7 : [ 0 , cxo) —)■ M and a point p G Int M, and choose a 
sequence {fj} with ti —>■ 00. For each i, we take a normal minimal 
geodesic 7* : [ 0 , /,] —)• M from p to 7(ti). Since 7 is a ray, it follows that 
/j —)■ 00. Take a sequence {Tj} with Tj ^ 00. Using the fact that M is 
proper, we take a subsequence {71,*} of {7*}, and a normal minimal ge¬ 
odesic 7p^i : [ 0 ,Ti] —)■ M fromp to 7p^i(Ti) such that 7i,i|[o,ri] uniformly 
converges to 7p,i. In this manner, take a subsequence {72,1} of {71,i} 
and a normal minimal geodesic 7^,2 : [0,^2] —t M from p to 7p,2(T2) 
such that 72,j|[o,T2] uniformly converges to 7p,2, where 7p,2|[o,Ti] = 7p,i- 
By means of a diagonal argnment, we obtain a snbseqnence {7^} of {7*} 
and a ray 7p in M snch that for every t G ( 0 , cxd ) we have 7fc(t) —t Ipif) 
as fc —)■ cxD. We call snch a ray 7p an asymptote for 7 from p. 

The following lemmas have been shown in | 40 j . 

Lemma 2.6. Suppose that for some x G dM we have t { x ) = 00. Take 
p G IntM. If by^{p) = Pdiviip), then p ^ CntdM. Moreover, for the 
unique foot point y on dM of p, we have T{y) = 00. 
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Lemma 2.7. Suppose that for some x G DM we have t{x) = oo. For 
I G ( 0 , cxd ), put p := 'jxi.i)- Then there exists e G ( 0 , oo) such that for 
all q G B^{p), all asymptotes for the ray 'y^ from q lie in Int M. 

2.6. Weighted Laplacians. Let M be a connected complete Rie- 
mannian manifold with boundary with Riemannian metric g, and let 
/ : M —)■ R be a smooth function. For a smooth function f on M, the 
weighted Laplacian Aff for f is dehned by 

A^0:= A0 + ^(V/,V0), 

where Af is the Laplacian for f dehned as the minus of the trace of 
its Hessian. Notice that Af coincides with the (/, 2)-Laplacian Af^ 2 - 
For X G dM and t G [ 0 ,ri(a;)), we put 6f{t,x) := e~0{t,x). 
For all X G dM and t G ( 0 , t{x)), we see 

(2.1) Af poM^xit)) = -{loge{t,x)y + fi'jxit))' = 

af[t, X) 

For K G R, let s^it) be a unique solution of the so-called Jacobi- 
equation fit) -f nfif) = 0 with initial conditions 0 ( 0 ) = 0 and 0'(O) = 
1. We put c^^{t) := s'^if). 

For p G M, let Pp : M —)• R denote the distance function from p 
dehned as Pp{q) := dM{p,q)- 

Qian |38] has proved a Laplacian comparison inequality for the dis¬ 
tance function from a single point (see equation 7 in [38]). In our 
setting, the comparison inequality holds in the following form; 

Lemma 2.8 ([SB]). For N G [n, oo), we suppose Ric^^ > {N — 1 )k. 
Take p G Int M. Assume that there exists g G Int M \ {p} such that 
a normal minimal geodesic in M from p to q lies in Int M, and Pp is 
smooth at q. Then 

( 2 . 2 ) 

Remark 2.1. In Lemma [2.81 we choose a normal minimal geodesic 7 : 
[0, /] —)■ M from p to q that lies in Int M, and an orthonormal basis 
of TpM with Cn = 7 ^ 0 ). Let be the Jacobi helds along 

7 with initial conditions F)(0) = 0 and R/(0) = e*. If the equality in 
( 12 . 2 p holds, then for all i we see F) = on [0 ,/], where are 

the parallel vector helds along 7 with initial condition F^j(O) = e^. 


Remark 2.2. Kasue and Kumura [23] have been proved Lemma [2.81 in 
the case where N is an integer, and k < 0. 
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Let 0 : M —)■ M be a continuous function, and let t/ be a domain 
contained in Int M. For p E U, and for a function -0 defined on an 
open neighborhood of p, we say that 0 is a support function of (p at p 
if we have 'ip{p) = 4>{p) and < (p. We say that (p is f -subharmonic on 
U if for every p E U, and for every e G (0, oo), there exists a smooth, 
support function of 0 at p such that Afpjp^^^p) < e. 

We recall the following maximal principle of Calabi type (see e.g., 
[B], and Lemma 2.4 in [T2]L 

Lemma 2.9. If an f-subharmonic function on a domain U contained 
in Int M takes the maximal value at a point in U, then it must be 
constant on U. 

Fang, Li and Zhang [12] have proved a subharmonicity of Busemann 
functions on manifolds without boundary (see Lemma 2.1 in [I2]). In 
our setting, the subharmonicity holds in the following form: 

Lemma 2.10 (|I2]). Assume sup/(M) < cx). Suppose Ricf^M ^ 0- 
Let 7 : [0, oo) M be a ray that lies in Int M, and let U be a domain 
contained in Int M such that for each p E U, there exists an asymptote 
for 7 from p that lies in Int M. Then b^ is f -subharmonic on U. 

3. Laplacian comparisons 


In this section, let M be an n-dimensional, connected complete Rie- 
mannian manifold with boundary with Riemannian metric g, and let 
/ : M —)■ R be a smooth function. 


3.1. Basic comparisons. We prove the following basic lemma: 


Lemma 3.1. Take x E dM . For N E [n, oo), suppose that for all 
t E (0, min{ri(x), (Fk^}) we have Ric^ (7x(^)) ^ ~ 1)^? suppose 

Hf,x > {N — 1)A. Then for all t E (0, min{ri(a;), Ck,\}) we have 


(3.1) 


9f{t,x) 


<(iV-l) 


4 a (^) 


and for all s,t E [0, min{ri(a;), C^^x}) with s <t we have 


(3.2) 

in particular, 9f{t,x) < e 


(f). 


it) 

is) 




Proof. Put F : = 
(3.3) 


/ o 7 ^,. From direct computations, it follows that 
^ 9'{t,x) _ 

9f{t,x) 9{t,x) 
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for all t G (0, min{ri(x), (7 k,a})- Choose an orthonormal basis 
of TxdM. For each i, we denote by Ei the parallel vector held along 
■jx with initial condition -Ej(O) = Cj. We hx to ^ (0, niin{ri(x), Ckp}), 
and pnt Wi{t) := {s^^x{t)/s^^x{to))Ei{t) for t G (0, min{ri(x), 

For a nniqne ctM-Jacobi held Yt^^i along 7a;|[o,to] with initial conditions 
= Wi{to){= Ei{to)) and let 0to(t) : = 

||hio,i(t) A-■ • AFi(,,n_i(t)|| fort G (0, min{ri(x), C'«;,a})- The linearity of 
the Jacobi eqnations implies that for the ctM-Jacobi held Yi along 'y^ 
with initial conditions hi(0) = e* and Y^'(O) = —there exist 
some constants satisfying Yi = Since ^toito) = 

1, we have 9'(to,x)/9{tQ,x) = 9^^(to). Fnrthermore, 

n—1 n—1 

i=l i=l 

We have lJp_j(to) = hFi(^o)- Therefore, Lemma I^TTI implies 


n—1 n—1 

(3.5) W,). 

i=l i=l 

We assnme N > n. Pnt 0(t) := ||hFi(t)||(= Sk,a(^)/sk,a(^o)) for 
t G (0, min{ri(x), Ckp}). Note that we have 0'(t) = ||fF/(t)|| for all 
t G (0, min{ri(x), Ck^a})- From fl3.3l) . fl3.4p and fl3.5p . it follows that 


tlf[tQ,X) Jq Jq 

-iJ, 0(0)2-F'(to) 

= (TV - 1) r 0'(t)2 dt - r Ricf (7'(t)) 0(t)2 dt - LJ/,.0(0)2 
Jo Jo 

-{N -n) Jo 0'(t)2 dt + dt 

+ F'(0) 0(0)2-F'(to). 


From the cnrvatnre assnmptions, we derive 


9'f(to,x) s' ;.(to) 

(3-6) /L - (iV - n) 


"to 


9f{to,x) 

"to / 1 

F"(t) - 


0'(t)2 dt 


N — n 


Sk,a(^o) 

F'(t)2) 0(t)2dt + F'(O) 0(0)2-F'(to). 
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By integration by parts, we have 
(3.7) 

F"(t) dt = F'{to) - F'(0) 0(0)2 - 2 
Furthermore, for all t G (0,to), we have 




F'{t)(p'{t)(p{t) dt. 


(3.8) 


{N - n)(j)'{ty + 2F'{t)(j){t) + 


N — n 




N — n 


s' ;v(t) 

(AT-n)^^^+ F'(t) >0. 

SK,\{t) ) 


By using fl3.6p . fl3.7p and fl3.8p . we obtain fl3.ip . 

We assume N = n. In this case, / is a constant function; in partic¬ 
ular, Hf x = and F'{tQ) = 0. By Lemma [2.11 we see 


O'f{to,x) 

9f{to,x) 


< (n — 1 ) 




Ric^T^W) dt - 0(0)2. 


The curvature assumptions imply (13. ip . 

By fl3.ip . for all t G (0, min{ri(x), 77^^})) have 


d, ... 

T+ -JTT^ = {N - 1 )^ 7 - 
dt 9f{t,x) s^^x{t) 

This implies the inequality fl3.2p . 


9'f{t,x) 

^ > 0 . 
9f{t,x) 


□ 


In [T^ , Lemma 13.11 has been proved when / = 0 and N = n. 

Remark 3.1. In Lemma l3.ll choose an orthonormal basis of 

T^dM, and let be the 0M-Jacobi helds along with initial 

conditions 10,*(0) = and 1000) = —Au^e^^i- Suppose that for some 
to G (0, min{ri(a;), C'k,a}) the equality in fl3.ip holds. Then the equality 
in fl3.5p also holds. By Lemma 12.11 for all i we have 10^* = Sk,a on 
[0, to], where {i7a;,i}7=0 are the parallel vector helds along with initial 
condition = e^^i- Moreover, if iV > n, then the equality in fl3.8p 

holds on [0, to]- This implies / o y^, = f[x) — {N — n) logs^.A on [0, to]- 


In the case of At = cxo, we have the following: 


Lemma 3.2. Take x G dM. Suppose that for all t G (0, ri(a;)) we have 
Ric“(y(,(f)) > 0, and suppose > 0. Then for all t G (0, Ti{x)), we 
have 9'j{t,x) < 0. In particular, for all s,t E [0,ri(a;)) with s <t, we 
have 9f(t,x) < 9f{s,x). 

Proof. Let F := /oy^,. Choose an orthonormal basis {ei}”00 of T^dM. 
For each i, let Ei denote the parallel vector held along y^. with initial 
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condition £’*(0) = Cj. Put 0(t) := ||£j(t)||(= 1) for t G (0,ri(a:)). Fix 
to e (0,ri(x)). By Lemma I^TTl we see 


6'f{to,x) 

0f{to,x) 


f^to 


< - 


(Ric“( 7 l(‘)) - F"W) rUtfilt 

- - F'{a)) m”- - 


By the curvature assumptions, and by integration by parts, we have 


rio 


9'f{to,x)<9j{to,x)( / F"{t)(j){tYdt + F\0)m -F\to)] =0. 


This proves the lemma. □ 

Remark 3.2. In Lemma (3.21 choose an orthonormal basis of 

TxdM, and let be the cIM-Jacobi helds along jx with initial 

conditions Ti,i(0) = ex,i and j(0) = —Au^Cx^i- Suppose that for some 
to G (0;B(3^)) we have 9'j{to,x) = 0. By Lemma I^TTl for all i we have 
Yx^i = Ex^i on [0, to], where {Ex,i}^Fi are the parallel vector helds along 
'jx with initial condition £^,^*(0) = ex,i- 

3.2. Laplacian comparisons. Combining Lemma 13.11 and fl2.1l) . we 
have the following Laplacian comparison result: 


Lemma 3.3. Take x G dM. For N G [n, oo), we suppose that for all 
t G (0,r(a;)) we have Ric^( 7 ^(f)) > {N — 1)k, and suppose Ftf x > 
{N — 1)A. Then for all t G (0, t{x)) we have 

s' (t) 

AfpeMMt))>-{N-l)^y 

SK,x{t) 

In [19], Lemma [3.31 has been proved when / = 0 and N = n. 

In the case of = oo, by using Lemma [3.21 and fl2.1|) . we have: 

Lemma 3.4. Take x G dM. Suppose that for all t G (0, t{x)) we have 
Ric^( 7 ^(f)) > 0, and suppose Hj^x > 0. Then for all t G (0,r(a;)) we 
have AfpoMi^xit)) > 0. 

Remark 3.3. The equality case in Lemma 1X51 (resp. 13.4p results into 
that in Lemma IXTl fresp. 13.2p (see Remarks 13.11 and 13.21) . 

3.3. Distributions. From Lemma [3.31 we derive the following: 


Lemma 3.5. Take x G dM. Let p G (l,oo). For N G [n, oo), we 
suppose that for all t G (0, t(x)) we have Ric^ i'lxi^)) A (N — 1)k, and 
suppose Hf x A (A^ —1)A. Let 0 : [0, oo) M &e a monotone increasing 



















RIGIDITY OF MANIFOLDS WITH BOUNDARY 


19 


smooth function. Then for all t G (0, t(x)) we have 

(3.9) Af^p{(j)opQM){'yx{t)) > - {t)-{N-l)j^(j)'{t)P-\ 

Proof. By straightforward computations, for all t E (0,r(a;)) 

A/,p (0 o pgM)(7x(t)) = - ((0')^”^) (i) + ^f,2PdM(7x(t)) f>'(t)P~\ 
This together with Lemma [3.31 we obtain fl3.9p . □ 

In the case of = cx), we have: 

Lemma 3.6. Take x E dM. Let p E (l,cx)). Suppose that for all 
t E (0,r(a;)) we have Ric^( 7 (,(f)) > 0, and suppose > 0. Let 
(j) : [0, cxo) —)■ M &e a monotone increasing smooth function. Then for 
all t E (0, t{x)) 

(3.10) A/,p(0opaM)(7x(^)) > - ((0')^~^) W- 
Proof. For all t E (0, r(x)), we have 

A/,p (0 o paM){7x{t)) = - (t) + ^f,2pdM{7x{t)) (j^'ity-^. 

Lemma 13^ implies (13.10^ . □ 

Remark 3.4. The equality case in Lemma 137^ (resp. 13.6p results into 
that in Lemma 13.31 (resp. 13.4p (see Remarks 13.1113.21 and 13.3p . 

By Lemma [3.51 we have the following: 

Proposition 3.7. Let p E (1,cxd). For N E [n, cxd), we suppose 
Ric^jvr A {N — 1)k and HfpM > (A — 1)A. For a monotone increasing 
smooth function f : [0, oo) —)■ R, we put $ := 0 o Then we have 

Aj* > (- ((•#>')"■')'- (Af- 

in a distribution sense on M. More precisely, for every non-negative 
smooth function f) : M ^ M. whose support is compact and contained 
in Int M, we have 

(3.11) [ ||V<l>f-2p(VV',V<l>) dm/ 

Jm 

> / ^ ((-((0')^~^) - (A - 1)^ (0')^~^^ dmf. 
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Proof. By Lemma 1231 there exists a sequence {f2fc}fceN of closed subsets 
of M satisfying that for every k, the set dflk is a smooth hypersurface 
in M, and satisfying the following: (1) for all ^ 1,^2 with ki < ^ 2 , we 
have flki C 12^2) (2) M \ Cut dM = IJ^ flk] (3) dflk Cl dM = dM for 
all k; (4) for each k, on dQk \ dM, there exists the unit outer normal 
vector held Uk for Qk with g{i'k, Vpan) > 0. 

For the canonical Riemannian volume measure voR on dVtk \ dM, 
put ruf^k '■= volfc. Let -0 : M —)■ M be a non-negative smooth 

function whose support is compact and contained in Int M. By the 
Green formula, and by dklk C dM = dM, we have 




||V$f-2^(VV',V<F) druf 

-V'^(V(||V4>|r2) ,V$) + ||V4>r-2V^A;,2<h) druf 




Af^p^ dmf -|- 


+ / ||V$|r2V'^K,V$) dmf,k 

JaUkXdM 

||V4>r-2^(/K,V<F) dmf,k. 


IdflkXdM 


Lemma 1351 and g{i^k,'^PdM) > 0 imply 




||V4>p-2^(VV’,V<F) dmj 


> 


Jn^ \\ ^ ' 

Letting k ^ 00 , we obtain the desired inequality. 
In the case of A = 00 , we have: 


o paM dmf. 


□ 


Proposition 3.8. Let p G (l,oo). Suppose Ric“^ > 0 and HfpM > 
0. For a monotone increasing smooth function 0 : [0, 00 ) —)■ M, put 
<F := 0 o PaM- Then we have 


^f,p^ A — ° PaM 


in a distribution sense on M. More precisely, for every non-negative 
smooth function : M ^ M. whose support is compact and contained 
in Int M, we have 

(3.12) 


' M 


||V4>r-'f7(V^, V<I>) dmj> ((0'f dmf. 
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Proof. Lemma 12.51 implies that there exists a sequence {hlfcjfcgN of 
closed subsets of M satisfying that for every fc, the set dVlk is a smooth 
hypersurface in M, and satisfying the following: (1) for all ki,k 2 G N 
with ki < k 2 , we have flki C ^2^2) (2) M \ CutdM = IJ^ 12^.; (3) 
dQk n dM = dM for all k; (4) for each k, on \ dM, there exists 
the unit outer normal vector field Uk for flk with g{i'k, Pom) > 0 . 

For the canonical Riemannian volume measure voR on dQk \ dM, 
put ruf^k ■= volfc. Let -0 : M —)■ M be a non-negative smooth 

function whose support is compact and contained in Int M. By the 
Green formula, and by dQk G dM = dM, we see 




||V$f-2^(VV’,V<F) drrif 




Af^p^ druf 


ldnk\dM 


\\VnP-^ijg{iyk,V^) dmf,k. 


By Lemma 1331 and g{r'k,'^ Pom) > 0, 

[ dmf> [ ^Pom] drrif. 

Joj, JOfc V ^ '' J 

By letting k ^ oo, we complete the proof. □ 


Remark 3.5. In Proposition 13.71 fresp. 13.8p . assume that the equality 
in fl3.1ip (resp. fl3.12p ) holds. In this case, for a hxed x G dM we 
see that for every t G (0,r(x)) the equality in fl3.9p (resp. (13.101) ) also 
holds. The equality case in Proposition 13.71 fresp. 13.8p results into that 
in Lemma [3.51 fresp. 13. 6|) (see Remark 13.41) . 

Remark 3.6. Perales [3^ has proved a Laplacian comparison inequality 
for the distance function from the boundary in a barrier sense for man¬ 
ifolds with boundary of non-negative Ricci curvature. We can prove 
that the Laplacian comparison inequalities for pqm in Lemmas 13.31 and 
13.41 globally hold on M in a barrier sense. 


4. Inscribed radius rigidity 

Let M be an n-dimensional, connected complete Riemannian mani¬ 
fold with boundary, and let / : M —)■ M be a smooth function. 

4.1. Inscribed radius comparison. From Lemma IXTl we derive the 
following comparison result for the inscribed radius. 

Lemma 4.1. Let k G M and A G M satisfy the ball-condition. For 
N G [n, oo), we suppose Ric^^ > (N — 1)k and PdfpM > (2V — 1)A. 

Then D{M,dM) <C^^x- 
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Proof. Take x G dM. We suppose Ck,x < ti(x). By Lemma [3Tl for 
all t G [0, C'k,a) we have 6f{t,x) < Letting t —)■ we 

have 9{Ck,x,x) = 0; in particular, 7a;(C'K,A) is a conjugate point of dM 
along 72 ;. This is a contradiction. Hence, we have Ti{x) < C^^\. The 
relationship between r and Ti implies t{x) < Ck,x- Since D{M,dM) is 
equal to sup^-^aM we have D{M,dM) < □ 

In [20], Lemma [4.11 has been proved when / = 0 and N = n. 

4.2. Inscribed radius rigidity. Now, we prove Theorem ll.il 

Proof of Theorem 11.11 Let k G M and A G M satisfy the ball-condition. 
For N G [n, 00 ), we suppose Ric^^ > {N — 1)k and Phf,dM > (iV —1)A. 
By Lemma l4Tl we have D(M, dM) < Ck,x- 

Take po & M satisfying ponipo) = C'k.a- We put 

fl := {p G Int M \ {po} | pauip) + Ppoiv) = C'k,a}- 

Take a foot point Xp^ on dM of po, and the normal minimal geodesic 
7 o : [0, Ck,a] —t M from Xp^ to po. Then for all t G (0,Ck,a), we have 
7 o(l) G fl. Therefore, fl is a non-empty closed subset of Int M \ {po}- 
We prove that H is an open subset of Int M \ {po}- Fix p E fl, and 
take a foot point Xp on dM of p. Note that Xp is also a foot point on 
dM of Po. We take the normal minimal geodesic 7 • [0) C'k,a] —^ M 
from Xp to Po. Then 7 |(o,c„a) passes through p. There exists an open 
neighborhood U of p such that and pqm are smooth on U, and for 
every q E U there exists a unique normal minimal geodesic in M from 
Po to q that lies in Int M. By Lemmas 12.81 and 13.31 for all q E U 

/^fjpdM + Ppo){q) ^ _ f Xc^ipdMjq)) - i^s^{paM{q)) ^ c^{ppo{q)) \ 

N -I ~ \c^ {pQM (g)) + As«, {poM (g)) (Ppo (g)) / 

^ SK,x{pdM{q) + Ppojq)) ^ Q 
SK,x{pdM{q))sn{ppo{q)) ~ 

Lemma [2.91 implies U <Z Q. We prove the openness of fl. 

Since IntM \ {po} is connected, we have fl = Int M \ {po}, and 
hence pan + Ppo = Ck,a on M. This implies M = Bc^^ipo) and dM = 
dBc^ a(I'o)- Furthermore, we see that the cut locus for po is empty, and 
the equality in (12.2p holds on Int M \ {po}- For each u G Up^M, choose 
an orthonormal basis {eu,i]'i=i of Tp^M with e„ = u. Let 
be the Jacobi helds along 7 ^ with initial conditions W,i(0) = 0 and 
Fjj(O) = where 7 ^ : [ 0 ,Ck,a] ^ M is the normal geodesic with 
7«(0) = Po and 7^(0) = u. Then for all i we have on 

[ 0 ,Ck,a], where are the parallel vector helds along with 

initial condition Eu^i{0) = (see Remark 12.11) . Let po denote the 
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center point of B^x- Choose a linear isometry I : Tp^M —>■ Tp^B^x- 
Define a map $ : M — >■ B^ x by $(p) := exp^^^ oj o exp“^^(p), where 
expp^ and exp^^ are the exponential maps at po and at po, respectively. 
For every p G IntM the differential map D($|intM)p of <h|intM at p 
sends an orthonormal basis of TpM to that of T^{p)B^x-i and for every 
X G dM the map D{^\qm)x sends an orthonormal basis of T^dM to 
that of Tq,(x)dB'^X- Hence, <F is a Riemannian isometry with boundary 
from M to and (M, is isometric to {B^^,dB"^)- 

Now, the equality in Lemma 13.31 holds on IntM \ {po}- For each 
X G dM we see /oy^, = /(a:) — {N — n) logs^A on [0, (see Remark 
13 . 31 ) . If we suppose N > n, then fipfxit)) tends to inhnity as t ^ Ci^^x- 
This is a contradiction since fi'JxiCf^^x)) = f{Po)- Hence, we obtain 
N = n. We complete the proof of Theorem 11.11 □ 


5 . Volume comparisons 

Let M be an n-dimensional, connected complete Riemannian mani¬ 
fold with boundary with Riemannian metric g, and let / : M —)■ M be 
a smooth function. 


5.1. Absolute volume comparisons. Let 9f : [0, cxd ) x dM —)■ M be 
a function dehned by 


1^0 if t > t{x). 

By the coarea formula (see e.g.. Theorem 3.2.3 in [I3]), we show: 


Lemma 5.1. Suppose that dM is compact. Then for all r G (0, oo) 
(5.1) mf{Br{dM)) = [ f 6f{t,x) dtdvolh, 

JdM Jo 

where h is the induced Riemannian metric on dM. 


Proof. Since dM is compact, Br{dM) is also compact; in particular, 
mf{Br{dM)) < oo. From Proposition 12.21 we derive 

Br{dM) = exp-*- ( {tUx I t G [0, min{r, r(a;)}]} 

KxGdM 

The map exp-*- is diffeomorphic on [JxedMi^'^x I ^ ^ (0, min{r, r(a;)})}. 
Furthermore, the cut locus Cut dM for the boundary is a null set of 
M. Hence, the coarea formula and the Fubini theorem imply fl5.ip . □ 
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Bayle [3] has stated the following absolute volume comparison in¬ 
equality of Heintze-Karcher type without proof (see Theorem E.2.2 in 
[3], and also [35]). 

Lemma 5.2 ([3]). Suppose that dM is compact. For N e [n, cxd), 
we suppose > (N — 1 )k and Hj^m '> {N — 1)A. Then for all 

r e (0, cxo) 

(5.2) mf{Br{dM)) < SN,K,xir) mfpM{dM); 
in particular, we have (11.31) . 

Proof. Fix r G (0, cxd). By Lemma f3.ll for all x G dM and t G (0,r), 
we have 6f{t,x) < s^f^{t)6f{0,x). Integrate the both sides of the 
inequality over (0, r) with respect to t, and then do that over dM with 
respect to x. By Lemma [5Tl we have fl5.2p . □ 

Lemma 15.21 has been proved in [T7j when / = 0 and N = n. 

In the case of iV = cxo, Morgan [36] has shown the following volume 
comparison inequality (see Theorem 2 in [36], and also [35]). 

Lemma 5.3 ([M])- Suppose that dM is compact. Suppose Ric“^ > 0 
and Hf^QM > 0. Then for all r G (0, cxd) 

(5.3) mf{Br{dM)) < rmf^uidM)] 
in particular, we have fll.4l) . 

Proof. Fix r G (0,oo). By Lemma [3.21 for all x G dM and t G (0,r), 
we have 9f(t,x) < 9f{0,x). Integrate the both sides of the inequality 
over (0, r) with respect to t, and then do that over dM with respect to 
X. Lemma 15.11 implies the lemma. □ 

Remark 5.1. In Lemma 15.21 (resp. 15.3p . assume that for some r > 0 
the equality in fl5.2p (resp. fl5.3p i holds. For each x G dM, choose 
an orthonormal basis of T^dM. Let {Yx^i}‘^Ii be the dM- 

Jacobi helds along with initial conditions Tj;,i(0) = and YP{0) = 
-Au,,ex,i. Then for all i we see (resp. on 

[0, min{r, (resp. [0,r]), where are the parallel vector 

helds along with initial condition Ex^i{0) = ex,i. Moreover, / o y^, = 
f{x) — {N — n) logs^y on [0, min{r, CKy}] (cf. Remarks 13.11 and 13^ . 

5.2. Relative volume comparison. We have the following relative 
volume comparison theorem of Bishop-Gromov type: 

Theorem 5.4. Let M he an n-dimensional, connected complete Rie- 
mannian manifold with boundary, and let f : M ^ M. be a smooth 
function. Suppose that dM is compact. For N G [n, oo), we suppose 
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~ 1)^ Hf^dM > {N — 1)A. Then for all r,R ^ (0, cx)) 
with r < R, we have 

mfjBRjdM)) ^ sn,kAR) 
mf{Br{dM)) ~ sn,k,\{^) ' 

Proof. Lemma [3.11 implies that for all s,t E [0, cxo) with s <t, 

(5.5) Ofih x) s^A ^(s) < 0f{s, x) 

By integrating the both sides of (15.hh over [0, r] with respect to s, and 
then doing that over [r, i?] with respect to t, we conclude 

if x) dt ^ sn,k,\{.R) - SN,K,\{r) 
fl0f(s,x)ds ~ 

From Lemma [5.11 we derive 

mf{BR{dM)) ^ ^ Jg^jf9f(t,x) dtdvoh 

nif{Br{dM)) Iqj^ IIef{s,x)dsd^io\h 

^ sn,k,\{R) - SN,KAr) _ Sn,k,\{R) 

~ sn,k,\{'^) SN,K,\{r) ■ 

This proves the theorem. □ 

In llQ] , Theorem 15.41 has been proved when / = 0 and N = n. 

In the case of = cxo, we have: 


Theorem 5.5. Let M be a connected complete Riemannian manifold 
with boundary, and let f : M ^ M. be a smooth function. Suppose that 
dM is compact. Suppose Ric^^r ^ 0 and Hj^m > 0. Then for all 
r,R E (0, cxo) with r < R, we have 


mf{BR{dM)) ^ R 
mf{Br{dM)) ~ r 


Proof. By Lemma 13^ for all s,t E [0, cx)) with s <t,we have 9f(t, x) < 
9f{s,x). Integrating the both sides over [0,r] with respect to s, and 
then doing that over [r, R] with respect to t, we see 

nr 

{t, x) dt < {R — r) / 9f{s,x)ds. 

Jo 

By Lemma [5.11 we complete the proof. □ 



Remark 5.2. In [40], the author has proved a measure contraction in¬ 
equality around the boundary when / = 0 and N = n. We can prove 
similar measure contraction inequalities in our setting. The measure 
contraction inequalities enable us to give another proof of Theorem 15.41 
and of Theorem 15.51 
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5.3. Volume growth rigidity. We have the following lemma: 


Lemma 5.6. Suppose that dM is compact. For N G [n, cxo), we sup¬ 
pose Ric^^ > {N — 1)k and Hj^qm > {N — 1)A. Assume that there 
exists R G (0, \ {oo} such that for every r G (0, R] the equality in 

(15.41) holds. Then we have r > R on dM. 

Proof. The proof is by contradiction. Suppose that a point Xq G DM 
satishes t ( xo ) < R. Put to ■= t(xo), and take e > 0 satisfying R + e < 
R. By the continuity of r, there exists a closed geodesic ball B in dM 
centered at Xq such that for all x G R we have r(x) <to + e. Lemma 
13.11 implies that mf{Bji{dM)) is not larger than 




dtdmf^oM + 


ldM\B Jo 





dtdmf^dM- 


B Jo 


This is smaller than mf^sM^dM) sn,k,x{R)- On the other hand, sn,k,x{R) 
is equal to mf{Bji{dM))/mf^QM^dM). This is a contradiction. □ 

In the case of iV = cxo, we have: 

Lemma 5.7. Suppose that dM is compact. Suppose Ric“^ > 0 and 
Hf,dM > 0. Assume that there exists R G (0, oo) such that for every 
r G (0, R] the equality in (15.61) holds. Then we have r > R on dM. 

Proof. Suppose that for some xq G dM we have r(xo) < R. Put 
to := t(xo), and take e > 0 with to-\-e < R. The continuity of r implies 
that there exists a closed geodesic ball B in dM centered at Xq such 
that r is smaller than or equal to to + ^ on B. By Lemma [3.21 

mf{Bn{dM)) < Rmf^oMidM\B) + {to + e) mf^0M{B) < Rmf^QM{dM). 

On the other hand, mf{Bji{dM))/mf^QM{dM) is equal to R. This is a 
contradiction. We conclude the lemma. □ 

Suppose that dM is compact. Suppose that for N G [n, oo) we 
have > {N — !)«: and Hf^gM > {N — 1)A (resp. Ric^j^^ > 0 and 

Hf,dM > 0), and that there exists R G (0, Ok,a]\{oo} (resp. R G (0, oo)) 
such that for every r G (0,i?] the equality in (15.4|) (resp. (15.61) ) holds. 
In this case, for every r G (0, i?) the level set Pgl^ir) is an {n — 1)- 
dimensional submanifold of M fsee Lemmas l5.6l and l5.7p . In particular, 
{Br{dM), g) is an n-dimensional (not necessarily, connected) complete 
Riemannian manifold with boundary. We denote by dspaM) and by 
dK,A,r the Riemannian distances on {Br{dM), g) and on [0,r] x^.a dM, 
respectively. 
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Lemma 5.8. Suppose that dM is compact. For N G [n, cxo), we sup- 
poseBhc^^j^ > {N—1 )k andHf^oM > {N—1)X. Assume that there exists 
R G (0, <5k,a] \ that for every r G (0, i?] the equality in (15.41) 

holds. Then for every r G (0,i?), the metric space {Br{dM),dB^{dM)) 
is isometric to ([0,r] dM^df^^x^r), o,nd for every x G dM we have 
f °7x = f{x) - log s^^x on [0, r]. 

Proof. Since each connected component of dM one-to-one corresponds 
to the connected component of Br{dM), it suffices to consider the case 
where Br{dM) is connected. For each x G 9M, choose an orthonormal 
basis of T^dM. Let be the 9M-Jacobi helds along 

with initial conditions Yxy{0) = and Y^^{0) = —Au^e^y. For all i we 
see Y^^i = s^^x Ex,i on [0, min{i?, C^^^x]], where are the parallel 

vector helds along 73. with initial condition Moreover, 

f ° lx = f{x) - {N -n) logs«,,A on [0, min{i?, (Fk,a}] (see Remark EH]). 
Dehne a map $ : [0,r] x dM —)■ Br{dM) by <h(t, t) := 'yx{t)- For each 
p G (0,r) X dM the map L>($|(o,r)xaM)p sends an orthonormal basis of 
Tp([0,r] X dM) to that of T<s>(^p)Br{dM), and for each x G {0,r} x dM 
the map D{^\^o^r}xdM)x sends an orthonormal basis of Ta,({0, r} x dM) 
to that of Tq>(^x)d{Br{dM)). Hence, <F is a Riemannian isometry with 
boundary from [0,r] x^.a dM to Br{dM). □ 

In the case of = 00 , we have: 

Lemma 5.9. Suppose that dM is compact. Suppose Ric“^ > 0 and 
Hf,dM > 0. Assume that there exists R G (0, cx)) such that for every 
r G (0, R] the equality in fl5.6p holds. Then for every r G (0, R) the 
metric space {Br{dM),dB^{dM)) Is isometric to ([0,r] x dM,d[Q^r]xdM)- 

Proof. We may assume that Br{dM) is connected. For each x G dM, 
choose an orthonormal basis of TxdM. Let {Yxy}fll be the 

9M-Jacobi helds along with initial conditions Fr,i(0) = Cxy and 
F^xi(O) = —^u^Oxy. For all i we have Yxy = Exy on [0,r], where 
{Exy^'lZi are the parallel vector helds along with initial condition 
ExyifE) = Ox,i (see Remark 15.11) . Dehne a map $ : [0,r] x dM —)■ 
Br{dM) by $(t,x) := yx(t)- We see that $ is a Riemannian isometry 
with boundary from [0,r] x dM to Br{dM). □ 

Now, we prove Theorem 11.21 

Proof of Theorem M.B. Suppose that dM is compact. For N G [n, 00), 
suppose Ric^^ > (N — 1)«: and PdfpM > (N — 1)A. Suppose fll.ip . 
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By Lemma [5.21 and Theorem 15.41 for all r,R & (0, oo) with r < R, 

mf{BR{dM)) mf{Br{dM)) 

- 77 ^— =-ry— = 

Sn,k,\{R) SN,K,\{r) 

If K and A satisfy the ball-condition, then for R = Ck,x, and for every 
r G (0,i?] the equality in fl5.4p holds; in particular, Lemmas 14.11 and 
15.61 imply that r is equal to on dM. If k and A do not satisfy the 
ball-condition, then for every R G (0, oo), and for every r G (0, R] the 
equality in fl5.4ll holds; in particular. Lemma 15.61 implies that r = oo 
on dM. It follows that r coincides with Ck,x on dM. From Lemma 
15.81 for every x G dM we derive /oy^. = /(a:) — {N — n) logs^y on R,x. 

If K and A satisfy the ball-condition, then D{M,dM) = By 

Lemma 1^751 M is compact. There exists p E M with Pdiviip) = Ck,a- 
Due to Theorem ll.il (M, is isometric to (S” a, and N = n. 

If K and A do not satisfy the ball-condition, then Cut dM = 0. It 
follows that dM is connected. Take a sequence {rj} with r* —)■ oo. By 
Lemma EHl for each r*, there exists a Riemannian isometry <Fj : [ 0 , rt] x 
dM —)■ Br^{dM) with boundary from [0, r*] x^^^xdM to Br^{dM) dehned 
by := Since Cutc^M = 0, we obtain a Riemannian 

isometry 4) : [0, oo) x dM —)■ M with boundary from [0, oo) x^y dM 
to M dehned by ^{t,x) := such that $ 1 ( 0 ,ri]x 9 M = "hj for all r*. 
This proves Theorem 11.21 □ 

Next, we prove Theorem 11.31 

Proof of Theorem \1.3[ . Suppose that dM is compact. Suppose Ric“^ > 
0 and Hf QM > 0. Furthermore, we assume fll. 21 ) . 

By Lemma 15731 and Theorem 15.51 for all R G (0, oo) and r G (0, R], 

mf{Bii{dM)) mf{Br{dM)) 

-^-=- - -= rnfpM{OlVI). 

For every R G (0, oo), and for every r G (0, R] the equality in (I5.6p 
holds. From Lemma 15.71 it follows that r = oo on dM. We have 
Cut dM = 0, and hence dM is connected. Take a sequence {rj} with 
r, —>■ oo. Lemma 15^ implies that for each r* there exists a Riemannian 
isometry <I)j : [0, r,] x dM —)■ Br^{dM) with boundary from [0, rj] x dM 
to By^dM) dehned by ^i{t.,x) := 7x(t)- Since Cut cIM = 0, we obtain 
a Riemannian isometry $ : [0, oo) x dM —)■ M with boundary from 
[0, oo) X dM to M dehned by <F(t, x) := 7 x(t) such that ‘h|[o,ri]x 9 Ar = 
for all Tj. This proves Theorem 11.31 □ 
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6. Splitting theorems 

Let M be an n-dimensional, connected complete Riemannian mani¬ 
fold with boundary, and let / : M —)■ M be a smooth function. 

6.1. Main splitting theorems. We prove Theorem 11.41 

Proof of Theorem \1.4\ Let k < 0 and A := ^/\^■ For N G [n, cx)), we 
suppose Ric^^ > {N — 1)k and Hj^qm > {N — 1)A. Suppose that for 
some Xq e dM we have t{xq) = cx 3 . 

For the connected component SMq of dM containing xq, we put 

VL\= {y e dMo I T{y) = cx)}. 

The assumption implies that hi is non-empty. From the continuity of 
r, it follows that hi is closed in dMo. 

We show the openness of hi in dMo. Fix yo G hi. Take I G (0, cxo), 
and put po := There exists an open neighborhood U of po in 

Int M contained in Dqm- Taking U smaller, we may assume that for 
each point q E U the unique foot point on dM of q belongs to dMo. 
By Lemma [221 there exists e G (0, cxo) such that for all q G B^{po), all 
asymptotes for from q lie in Int M. We may assume U C B^{po). 
Fix qo G U, and take an asymptote : [0, oo) —)■ M for from qo. 
For t G (0, oo), dehne a function : M —)■ M by 

KoAp) ■= KoAo) + t - dM(p,ygo(^))- 

We see that — Pom is a support function of b.yy^ — PdM at go- Since 
yqo he in Int M, for every t G (0, oo) the function is smooth on a 
neighborhood of go. From Lemma lT 8 l we deduce Afb.yy^^t{(lo) — 

l){s'i^(t)/Sfi(t)). Note that s'^{t)/Sf^{t) -E X as t ^ oo. Furthermore, 
Pqm is smooth on U, and by Lemma 13731 we have AfpgM A {N — 1)A 
on U. Hence, b^^^ — pqm is /-subharmonic on U. Since b^^^ — pqm takes 
the maximal value 0 at po. Lemma [2.91 implies b^^^ = poM on U. From 
Lemma [2.61 it follows that hi is open in dMo. 

Since dMo is a connected component of dM, we have hi = dMo. 
By Lemma 12.41 dM is connected and Cut dM = 0. The equality in 
Lemma 13.31 holds on Int M. For each x G dM, choose an orthonormal 
basis of T^dM. Let be the c^M-Jacobi helds along 

■jx with initial conditions Fr,i(0) = Cx^i and YP{0) = —Au^Cx^i. For all i 
we see Yx^i = SK,\Ex^i on [0, cx)), where {Ex^i}^Ai are the parallel vector 
fields along y^, with initial condition Ex,i{0) = ex,i. Moreover, for all 
t G [0, oo) we have (/ o ■jx)(t) = f{x) -\- {N — n)Xt (see Remark [3.3p . 
Dehne a map <F : [0, oo) x dM —)■ M by ^{t,x) := For every 

p G (0, oo) X dM the map D(<F|(o,oo)xaM)p sends an orthonormal basis 
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of Tp((0,oo) X DM) to that of Tq>(^p)M, and for every x G {0} x DM 
the map sends an orthonormal basis of Ta,({0} x dM) to 

that of Hence, <h is a Riemannian isometry with bonndary 

from [0, oo) x^ a dM to M. This proves Theorem II.41 □ 

Next, we prove Theorem II.51 

Proof of Theorem I i. 51 Assnme snp/(M) < oo. Snppose Ric^^^ > 0 
and Hf^oM > 0. Let xq G dM satisfy r(xo) = oo. 

For the connected component dMo of dM containing xq, we pnt 

Q := {y e dMo \ T{y) = cx)}. 

The assnmption and the continnity of r imply that H is a non-empty 
closed snbset of dMo. 

We prove the openness of H in dM^. Fix yo G Take I G (0, oo), 
and pnt po := jpoil). There exists an open neighborhood U of po in 
Int M contained in Dqm. We may assnme that for each point q & U the 
nnique foot point on dM of q belongs to dM^. By Lemma [2.71 there 
exists e G (0, oo) snch that for all q G B^{po), all asymptotes for 
from q lie in Int M. We may assnme U C B^{po). By Lemma [2. 101 
is /-snbharmonic on U. Fnrthermore, pqm is smooth on U, and Lemma 
13.41 implies AjPqm >0onU. Therefore, 6.^^^ — poM is /-snbharmonic 
on U. Since b.yy^ — pqm takes the maximal valne 0 at po) Lemma [2.91 
implies b^y^^ = pqm on U. By Lemma [T6l H is open in OMq. 

Since dMo is a connected component of dM, we have H = dMo. 
By Lemma 12.41 dM is connected and Cnt dM = 0. The eqnality in 
Lemma 13.41 holds on Int M. For each x G dM, choose an orthonormal 
basis of T^dM. Let {W,be the 9M-Jacobi helds along 

72; with initial conditions Fr,i(0) = and YP{0) = For all 

i we see W.i = Ex,i on [0,oo), where parallel vector 

helds along 73, with initial condition F^a, j(0) = (see Remark 13.3p . 
Hence, the map $ : [0, 00) x dM —)■ M dehned by <h(t,x) := 7a;(t) is 
a Riemannian isometry with bonndary from [0, 00 ) x dM to M. This 
completes the proof of Theorem 11.51 □ 

Lemma 12.31 and the continnity of r imply that if dM is compact and 
M is non-compact, then for some Xo G dM we have t{xo) = 00 . By 
Theorems 11.41 and 11.51 we have the following rigidity resnlts that have 
been proved in [20] (see also d]) when / = 0 and N = n. 

Corollary 6.1. Let M be an n-dimensional, connected eomplete Rie¬ 
mannian manifold with boundary, and /ef / : M —)■ M 6e a smooth 
funetion. Let k < 0 and A := \/d. For N G [n, cxd), we suppose 
Ric^M A (N — l)fi: and HfpM > (-N — 1)A. If M is non-compact and 
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dM is compact, then (M, (Im) is isometric to ([0, oo) x^^xdM, and 
for all X G dM and t G [0, cxd) we have (/ o 'yx){t) = f{x) + {N — n)Xt. 

Corollary 6.2. Let M he a connected complete Riemannian manifold 
with boundary, and let f : M ^ M. be a smooth function such that 
sup/(M) < oo. Suppose — 0 Hf,dM >0. If M is non¬ 

compact and dM is compact, then the metric space (M, djx-i) is isometric 
to ([0,oo) X 9M,rf[o,oo)xaM)- 

6.2. Weighted Ricci curvature on the boundary. Let h be the 

induced Riemannian metric on dM. For x G dM, and for a unit vector 
u in TxdM, we denote by Kg{ux,u) the sectional curvature at x in 
{M,g) determined by and u. 

It seems that the following is well-known, especially in a submanifold 
setting (see e.g., Proposition 9.36 in [1], and Lemma 5.4 in [40]). 

Lemma 6.3. Take x G dM, and a unit vector u in T^dM. Choose an 
orthonormal basis ofTxdM with ex,i = u. Then we have 

n—1 

Rich(M) = Ric<;(M) - Kg{ux,u) + trace^ \\S{u,ex,i)\\^. 

i=l 

For all X G dM and u G TxdM, we see 

( 6 . 1 ) hiiVif\aM)).,u) = gi{Vf)x,u), 

(6.2) }less{f\oM){u,u) = Ress f{u,u) + g {{Vf)x,Ux) g{S{u,u),Ux ). 
We show the following: 

Lemma 6.4. Take x G dM, and a unit vector u in TxdM. Choose 
an orthonormal basis {ex,i}'lZi of TxdM with Cxp = u. Then for all 
N G [n, oo), we have 

(6.3) RicJ^^^(K) = RiCf (u) g{{Vf)x,Ux) g{S{u,u),Ux) 

n—1 

- Kg{ux,u) trace^ \\S{u,ex,i)\\‘^. 

i=l 

Proof. Assume N G (n, oo). By fl6.ip and 06.21) . we have 


■p- N—l( \ T?- ^ I XJ ( f\ \( \ {f\QM))xi u) 

= Rlc/^(M) + Hess(/|aM)(M,M) - 


= Rich{u) + }lessf{u, u)+giiVf)x, Ux) g{S{u, u),Ux) ■ 


^((V/)x,-»)^ 
N — n 


By Lemma 16.31 we see (16.3p . 
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Assume N = n. If / is constant, then we see Ric^^^(M) = Ric/i(M) 
and Ric^ (u) = RiCg(M), and hence Lemma 16731 implies fl6.3p . If / is not 
constant, then both the left hand side of (16.31) and the right hand side 
are equal to — oo. Therefore, we complete the proof. □ 

In the case of = oo, we have: 

Lemma 6.5. Take x G dM, and a unit vector u in T^dM. Choose an 
orthonormal basis {ex,i]^cl ofT^dM with ex,i = u. Then we have 

(6.4) Ric“g^(M) = Ricf{u) + g{{Vf)x,Ux) g{S{u,u),Ux) 

n—1 

- Kg{ux,u) + trace ^ \\S{u,ex,i)\\‘^. 

i=l 

Proof. From 06.21) . it follows that 

= Rich{u) + Ress{f\aM){u,u) 

= Rich(M) + Hess/(M,M) + g{(y f)x,Ux) g{S{u,u),Ux). 
Using Lemma [6.31 we have 06.4p . □ 

6.3. Multi-splitting. By Lemma [6.41 we see the following: 

Lemma 6.6. For N G [n, cxd), we suppose Ric^j^^ > 0. If {M,dM) is 
isometric to ([0, cxo) x dM, (i[o,oo)xaM); then Ric^”^ qm — 

Proof. There exists a Riemannian isometry with boundary from M to 
[0, cxd) X dM. Take x G dM, and choose an orthonormal basis {ex,i}^Pi 
of TxdM. Let {Tx,j}r=r/ be the cIM-Jacobi helds along 'jx with initial 
conditions Ux,i(0) = ex,i and YP{0) = —Au^Cx^i. For all i we have 
Yx^i = Ex^i, where {Ex,i]fll are the parallel vector fields along with 
initial condition Ex^iifS) = Cx^i. We see A^^Cx^i = Ox and Y”.^{0) = Oj,; 
in particular, trace = 0 and Kg{ux, Cx^i) = 0. For all i,j we have 
S{ex,i,exj) = Oa;. By ([631) and Ric^^ > 0, we have > 0. □ 

Let Mq be a connected complete Riemannian manifold (without 
boundary). A normal geodesic 7 : M —)■ Mq is said to be a line if 
for all s,t G M we have (7(5),7(f)) = |s — t\. 

Fang, Li and Zhang |T2] have proved the following splitting theorem 
of Cheeger-Gromoll type (see Theorem 1.3 in [T2]): 

Theorem 6.7 ([T^). Let Mq he an n-dimensional, connected complete 
Riemannian manifold, and let f : Mq M. be a smooth function. For 
N G [n, cx)), we suppose Ric^jy^^ > 0. If Mq contains a line, then there 
exists an {n — 1)-dimensional Riemannian manifold Nq such that Mq 
is isometric to the standard product R x Aq ■ 
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We have the following corollary of Theorem 11.41 

Corollary 6.8. Let M be an n-dimensional, connected complete Rie- 
mannian manifold with boundary, and let f : M ^ M. be a smooth 
function. For N G [n, cx)), we suppose Ric^^ > 0 and Hj^m > 0. 
If for some Xq G DM we have t{xq) = oo, then there exist k G 
{0, ...,7 T, — 1} and an {n — 1 — k)-dimensional, connected complete 
Riemannian manifold Nq containing no line such that [dM, dsu) is 
isometric to (M^ x iVo, (iRfexiVo)- particular, {M,dM) is isometric to 
([0,CX)) X X iVo, (i[o^oo)xR'=xAo)- 

Proof. Due to Theorem 11.41 the metric space (M, dM) is isometric to 

([0,cx))x5M, rf[o,oo)xaM)- Lemma EJ] implies Ric^^2,aM ^ 0- Applying 

Theorem 16.71 to dM inductively, we complete the proof. □ 

In the case of = oo, we see: 

Lemma 6.9. If Ric^jvr ^ 0; if the metric space (M, is iso¬ 
metric to ([0,oo) X dM,d[o^oo)xdM), then Ric^^^ ^^ > 0. 

Proof. There exists a Riemannian isometry with boundary from M 
to [0, oo) X dM. Take x G dM, and choose an orthonormal basis 
{^x,i]'iRi of T^dM. Let {W,i}r=/ be the c^M-Jacobi helds along 
with initial conditions ¥^^{0) = e^y and = —Au„,ex,i. For all i 

we have where are the parallel vector helds along 

7 a; with initial condition Ex^ifP) = Cxy. This implies Au„,ex,i = 0^ and 
Hence, traceH„^ = 0 and Kg{ux,ex,i) = 0. For all i,j 
we see S{ex,i,ex,j) = Oa,. From fl6.4p . and from Ric^j^^ > 0, we deduce 


^^^T\aM,dM > 0 - 


□ 


Fang, Li and Zhang |T2] have proved the following splitting theorem 
of Cheeger-Gromoll type (see Theorem 1.1 in [12]): 


Theorem 6.10 ([I2])- Let Mq be an n-dimensional, connected com¬ 
plete Riemannian manifold, and let f : Mq —)■ M &e a smooth function 
such that sup f{Mo) < oo. Suppose > 0. If Mq contains a line, 

then there exists an {n — 1)-dimensional Riemannian manifold Nq such 
that Mq is isometric to the standard product R. x Nq. 


Remark 6.1. Lichnerowicz [211 has proved Theorem 16.101 under the 
assumption that / is bounded. 

In the case of = oo, we have the following: 

Corollary 6.11. Let M be an n-dimensional, connected complete Rie¬ 
mannian manifold with boundary, and let f : M ^ M. be a smooth func¬ 
tion such that sup/(M) < oo. Suppose Ric“^ > 0 and HfpM > 0. 
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If for some xo G dM we have t{xq) = oo, then there exist k G 
— 1} and an [n — 1 — k) -dimensional, connected complete 
Riemannian manifold Nq containing no line such that {dM, dgM) is 
isometric to (M^ x NQ,d^ky.j^^). In particular, {M,dM) is isometric to 
([0, CX)) X X iVo,rf[o,oo)xK'=xiVo)- 

Proof. By Theorem ll.51 (M, dM) is isometric to ([0, oo)xdM, d[o^oo)xdM)- 
From Lemma 16^ we derive qj^ > 0. Notice that sup^-gg^^/(x) 

is finite. By using Theorem 16.101 we obtain the corollary. □ 

6.4. Variants of splitting theorems. We have already known sev¬ 
eral rigidity results studied in [ 20 ] (and [ 11 ], [18]) for manifolds with 
boundary whose boundaries are disconnected. We study generaliza¬ 
tions of the results in [ 20 ] (and [TT] . HBl). 

The following has been proved in [20] (see Lemma 1.6 in [20]): 

Lemma 6.12 ([20]). Suppose that dM is disconnected. Let {dMi]i=i^ 2 ,... 
denote the connected components ofdM. Assume thatdMi is compact. 
Put D := infj= 2 , 3 ,... dM{dMi, dMi). Then there exists a connected com¬ 
ponent dM 2 of dM such that dM{dMi,dM 2 ) = D. Furthermore, for 
every i = 1,2 there exists Xi G dMi such that dM{xi,X 2 ) = D. The 
normal minimal geodesic 7 : [0, H] —?• M from xi to X 2 is orthogonal 
to dM both at xi and at X 2 , and the restriction 7 |(o,£)) Hgs in Int M. 

First, we prove the following: 

Theorem 6.13. Let M be an n-dimensional, connected complete Rie¬ 
mannian manifold with boundary, and let f : M ^ M. be a smooth 
function. Suppose that dM is disconnected. Let denote 

the connected components of dM. Assume that dMi is compact. Put 
D := infj= 2 , 3 ,... dM{dMi, dMi). For N G [n, 00 ], we suppose Ric^^ — 0 

andHfpM > 0 . Then {M,dM) is isometric to {[0,D]xdMi, dio^D]xaMi)- 

Moreover, if N ^ [n, 00 ), then for every x G dMi the function / o 73 , 
is constant on [0,Z1]. 

Proof. By Lemma r6.121 there exists a connected component dM 2 of dM 
such that dM{dMi, 9 M 2 ) = D. For each i = 1,2, let pQMi : M —)■ M be 
the distance function from dMi dehned as PomAp) ■= dM{p, dMi). Put 

:= {p G Int M \ pqm^ (p) + PdM 2 ip) = L>}. 

Lemma 16.121 implies that is a non-empty closed subset of Int M. 

We show that is open in IntM. Take p G 12. For each z = 1,2, 
there exists a foot point Xp^i G dMi on dMi of p such that dM{p, Xp^i) = 
PdMiip)- From the triangle inequality, we derive dM{xpp,Xp^2) = D. 
The normal minimal geodesic 7 : [0, Z2] —)■ M from Xp^i to Xp ^2 is 
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orthogonal to dM at Xp^i and at Xp^ 2 - Furthermore, 7 |(o,d) hes in Int M 
and passes through p. There exists an open neighborhood U oi p such 
that U is contained in Int M and PdMi is smooth on U. By using 
Lemmas 13. II and we see Af pQMi > 0 on [/; in particular, —{poMi + 
PdM 2 ) is /-subharmonic on U. By Lemmafl is open in Int M. 

Since Int M is connected, we have IntM = fl. For each x G dMi, 
choose an orthonormal basis {ex,i}^ll of T^dM. Let be the 

cIM-Jacobi helds along with initial conditions Fx,i(0) = and 
For all i we see on [0, D], where 

are the parallel vector helds along with initial condition ,(0) = 
Cx^i- Moreover, if G [n, oo), then / o is constant on [0, D] (see 
Remarks 13.11 and I3.2p . We see that a map $ : [0,Zi)] x dMi —)■ M 
dehned by <F(f, x) := y^ft) is a Riemannian isometry with boundary 
from [0, D] x dMi to M. □ 

Next, we show the following: 

Theorem 6.14. Let M he an n-dimensional, connected complete Rie¬ 
mannian manifold with boundary, and /ef / : M —)■ M 6e a smooth 
function. Suppose that dM is disconnected. Let denote 

the connected components of dM. Assume that dMi is compact. Put 
D := infj=2,3,.. dM{dMi,dMi). Let K > 0. For N G [n, oo), we suppose 
Ric^M — (-^ — 1)^ o,ndHfpM > (iV —1)A. Then X < 0 and D < 2Df^ x, 
where Dk,\ ■= inf { f > 0 | ;^(f) = 0 }. If D = 2Z1k,a, then (M, du) is 

isometric to ([0,/l] ^dMi, diQ^D]^^ xdM-f), and for every x G dMi we 
have f ojx = f{x) - {N - n) log on [0, D]. 

Proof. If A > 0, then Theorem 16.131 implies that (M, dM) is isometric 
to ([0, D] X dMi, (i[o,D]xaMi), and for every x G dMi the function / o 
is constant on [0,iA]. This contradicts the positivity of k, and hence 
we have A < 0. 

We prove that if H > 2Z1 k,a, then the metric space (M, dM) is isomet¬ 
ric to ([0,2F)«,y] x«,y and for every x G dMi we 

have f o-fx = f{ x) -{N -n) log on [0, 2F)«,y]. Assume D > 2iA«,y. 
By Lemma 16.121 there exists a connected component dM 2 of dM such 
that dM^dMi, dM 2 ) = D. For each i = 1,2, let pQMi : M —)■ R be the 
distance function from dMi dehned as PomAp) ■= dM{p,dMi). Put 

:= {p G Int M \ pqm^ (p) + pvMiiv) = D}. 

The set fl is a non-empty closed subset of Int M. 

We show that fl is open in Int M. Take p G 12. For each i = 1,2, we 
take a foot point Xp^i G dMi on dMi of p such that dM^p, Xp^i) = poMiip)- 
From the triangle inequality, we derive dM{xp^i,Xp^ 2 ) = D. The normal 
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minimal geodesic 7 : [0, D] —>■ M from Xp^i to Xp^2 is orthogonal to 
dM at Xp^i and at Xp^2- Furthermore, 7 |(o,d) lies in Int M and passes 
through p. There exists an open neighborhood U oi p such that pQUi 
is smooth on U. By using Lemma 13.11 for all g G 17 , we see 

j-g {PdMi + PdM2) (g) ^ ^KpiPdMiiQ)) ^ s'K,,\iPdM2{(l)) 

N-1 “ s«,A(paMi(g)) s^^x{pdM2{q)) 

_ 4 ,A(PaMi(g) + PdM2{q)) - AsK,A(PaMi(g) + PdM2{q)) 
SK,x{pdMi {q))sK,x{pdM2 (<?)) 

Since k > 0, the function s'^ x/sk,,x is monotone decreasing on (0, 
and satishes s'^)^{ 2 D^^x)/S k,,x{‘^Dk,x) = A. By the triangle inequality 
and the assumption D > 2 D^ X) we have pax/h + Pax/h ^ 2/1^7 on U. 
Therefore, by ( 16 .bh . —{pdMi+Pdxt2) is /-subharmonic on U. By Lemma 
12.91 Q is open in Int M. 

The connectedness of IntM implies Int M = f 2 . For each x G dMi, 
choose an orthonormal basis {ex,i}^Zi of T^dM. Let {Yx^i}^ll be the 
clM-Jacobi helds along 73. with initial conditions L 7 ,i( 0 ) = and 
For all i we have = s^,^xEx,i on [0,71], where 
are the parallel vector helds along 73. with initial condition 
Ex,i{ 0 ) = ex,i. Moreover, / o 7^, = f{x) - {N - n) log 5^7 on [0, D] (see 
Remark Id.lh . We see D = 2Z1k 7- A map <h : [0,211^7] x dMi —)■ M 
dehned by <F(t,a;) := 7x(t) is a Riemannian isometry with boundary 
from [0,211^7] Xk 7 c?Mi to M. □ 


7. Eigenvalue rigidity 

Let M be an n-dimensional, connected complete Riemannian mani¬ 
fold with boundary with Riemannian metric g, and let / : M —)■ M be 
a smooth function. 

7.1. Lower bounds. We prove the inequalities fll.Sp in Theorem 11.61 
and 01.91) in Theorem 11.71 

Allegretto and Huang [T] have shown the following inequality of Pi- 
cone type in a Euclidean setting (see Theorem 1.1 in my- 

Lemma 7.1. Let (j) and ijj be functions on M that are smooth on a 
domain U in M, and satisfy 0 > 0 and fj > 0 on U. Then for all 
p G (1, cxd) we have the following inequality on U: 

II vv-ii' > II v.^r-y (V {if , v7. 


(7.1) 
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Proof. For a fixed p E (1, oo), we put q := p{p — 1) By the Young 
inequality, we have 

(7.2) IIV^II W ^ 1 

\ <!> J P 1 \ <!> J 

on U. By II7.2II . and by the Cauchy-Schwarz inequality, we have 

(7.3) iiwir > iivviiiiv.^r-‘ - (p-1) {i-r'Y 

> p Ur9(vd', vyi)iiv,(.|i'-" - (p -1) Ur')" II vd'ii’’ 

= l|v.(.|rU (V U"U-"),vU' 

This completes the proof. □ 

Remark 7.1. In Lemma 17.11 we assume that the equality in fl7.ll) holds 
on U. In this case, the equalities in fl7.3p also hold on U. From the 
equality in the Young inequality, and from that in the Cauchy-Schwarz 
inequality, we deduce that for some constant c 7^ 0 we have ^HVyH = 
y||V0|| and Vy = cV0 on t/; in particular, = c(f) on U. 

Now, we prove the inequality fll.81) in Theorem 11.61 

Proposition 7.2. Suppose that M is compact. Let p G (l,cxo). For 
N G [n, 00 ), we suppose Ric^^ > {N — 1)k and Hf^QM > {N — 1)A. 
For D E {0, (Ck,a] \ assume D{M, dM) < D. Then we have fll.Sp . 

Proof. Let (j)p,N,K,,x,D ■ [0, D] —)■ R be a function satisfying fll.6l) for 
P = Pp,n,k,\,d- We may assume 4>p,n,k,x,d\{o,d] > 0. The equation (fL6l) 
is written in the form 

{Wit)\p-‘^(l)'{t)s^f\t))' + p = 0, 

0(0) =0, 0'(Z1)=O. 

Therefore, it follows that 0p,7v,«,,a,dI[o,d) > 0. Put d* := (l)p,N,K,x,D ° Pom- 
Take a non-negative, non-zero smooth function 0 on M whose support 
is compact and contained in Int M. By Lemma 17.11 we have 

(7.4) II V0||^ > (V {fjP , V$) 

on Int M \ Cut dM. By using fl7.4p and Proposition 13.71 we have 

[ \\V'ip\\Pdmf> [ ||V<I>f-2 ^(V( 0P<Fi-P) ,V<I>) dm/ 

J M J M 

> (r-J'-”) (^(^- ((^T”')'- (iV- 1)^(7)"'') “Psm) dm, 

= Pp,n,k,x,d / Vdruf. 

J M 
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We obtain Rf^p{'ip) > ^p,n,k,x,d- This implies (II.Sh . □ 

Next, we prove the inequality (II.hh in Theorem 11.71 

Proposition 7.3. Suppose that M is compact. Let p G (1,cxd). Sup¬ 
pose Ric^j^ > 0 andHf^QM > 0. For D G (0, oo), assume D{M,dM) < 
D. Then we have fll.9p . 

Proof. Let 0p,oo,D : [0, H] —)■ M be a function satisfying fll.7l) for p = 
Lp,oo,d- We may assume 0p,oo,d|(o,d] > 0. In this case, we have 
0p.oo,dI[o,d) > 0. Put <h := (j)p, ,oo,D o PdM- Take a non-negative, non-zero 
smooth function ^ on M whose support is compact and contained in 
Int M. By Lemma 17.11 we have 

(7.5) II VV-ir > II V<l>f(V , V<h) 

on Int M \ Cut dM. By using fl7.5p and Proposition 13.81 we have 

[ \\V2p\\Pdmf> [ ||V<hf-2^(V(V^P<l>^-^’) ,V$) dm/ 

J M Jm 

> j [ifP (^-opoM^ dmf = Pp^oo,D j Vdmf. 

We obtain Rf^pff) > Pp^oo,D- This implies fll.Qp . □ 

Remark 7.2. In Proposition 17.21 (resp. 17.3p . we assume that there exists 
a non-negative, non-zero smooth function : M —)■ M whose support 
is compact and contained in Int M such that Rf^pipf) = Pp,n,k,\,d (resp. 

— Pp,oo,d)- In this case, the equality in fl7.4p (resp. fl7.5p l holds 
on Int M\Cut dM. Therefore, for some constant c 7 ^ 0 we have = c $ 
on M (see Remark ITTip . Furthermore, the equality case in fl3.1ip (resp. 
I3.12P happens (see Remark [3.5p . 

7.2. Equality cases. We prove Theorems 11.61 and 11.71 
In the proofs, we use the following fact: 

Proposition 7.4. Suppose that M is compact. Let p G (l,oo). Then 
there exists a non-negative, non-zero function T in 1 L)}’^(M, m/) such 
that R/_p(\k) = pf^i^p{M). Moreover, for some a G (0,1) the function 
4/ is -Holder continuous on M. 

Proposition 17.41 is well-known in the standard case where / = 0. In 
the standard case, the existence follows from the standard compactness 
argument, and the regularity follows from the results by Tolksdorf in 
[44] . The method of the proof also works in our weighted setting. 

For D G (0, 00 ), we put SoidM) := { g G M | paiviiq) = D}- 
Kasue has shown the following in the proof of Theorem 2.1 in [24] : 
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Proposition 7.5 ([21]). Let K G M and A G M. Suppose that M is 
compact. Assume that for some D G (0, C'k,a) we have Cut dM = 
SoidM). For each x G dM, choose an orthonormal basis {ex,i]'lZi 
ofTxdM. Let be the dM -Jacobi fields along '-fx with initial 

conditions = e^^i and YF{0) = Assume further that 

for all X G dM and i we have Y^^i = Sk,a on [0, D], where {Ex^i}^Yi 
are the parallel vector fields along 73 - with initial condition = 

Cx^i- Then k and A satisfy the model-condition, [M^Jm) is a (k, A)- 
equational model space, and D = D,^^x{M). 

Now, we prove Theorem 11.61 

Proof of Theorem \l.(k Suppose that M is compact. Let p G (l,oo). 
For N G [n, C)o), we suppose Ric^j^ — iN — l)K and PhjpM > (A^ —1)A. 
For D G \ { 00 }, assume D{M,dM) < D. By Proposition 17.21 

we have fll.Sp . 

Assume that the equality in fll.Sp holds. By Proposition 17.41 there 
exists a non-negative, non-zero function 4/ in hFQ^’^(M, mj) such that 
= /ip, 7 v,K,A,D and 4/ is C'^’“-Holder continuous on M. Put <F := 
fip,N,K,,\,D o PdM- Then $ coincides with a constant multiplication of T 
on M (see Remark l7.2p : in particular, $ is also C^’^-Holder continuous. 

For each x G dM, choose an orthonormal basis {ex^i}^Yi of TxdM. 
Let {Yx^i\^Ii be the (9M-Jacobi helds along 73 . with initial conditions 
Yx,i{0) = ex,i and YffiR) = -Au,,ex,i. For all i we see = s,^^xEx,i 
on [ 0 , t{x)], where {Ex^i}^Yi are the parallel vector helds along 73 , with 
initial condition Ex^fiO) = ex,i. Moreover, / 073 , = f{x) — {N—n) log 5^7 
on [0,r(a:)] (see Remarks 13.51 and 17.21) . 

Let D = Ck,x- Since D is hnite, k, and A satisfy the ball-condition and 
D = There exists po E M such that PdM{Po) = D{M,dM). Note 
that po belongs to Cut dM. Now, we prove poMiPo) = Ck,x. We assume 
PauiPo) < Ck^a. Let Xq be a foot point on dM of Pq. From the prop¬ 
erty of Jacobi helds, po is not the hrst conjugate point of dM along 
Hence, pqm is not diherentiable at po- Since $ is (C^’^-Holder continu¬ 
ous, we see (j)p^N,K,x,DiPdM{po)) = 0. From (j)p^N,KXD\[o,D) > 0, we deduce 
PdM{po) = D. This contradicts D = C^^x- Therefore, paM(po) = 

By Theorem 11.11 {M,dM) is isometric to and N = n. 

Let D G (0, Ck,a)- We prove Cut dM = SoidM). Since D{M, dM) < 
D, we see SoidM) C Cut 9M. We show the opposite. Take po G 
Cut dM. By the property of Jacobi helds, pqm is not diherentiable 
at Po. The regularity of <F implies (t>'p^N,K.XD^PdM{po)) = 0; in particu¬ 
lar, poM^Po) = D. We have Cutc^M = SnidM). By Proposition 17.51 n 
and A satisfy the model-condition, (M, Jm) is a (a, A)-equational model 
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space, and D = D^^x{M). From r = Dk,\{M) on dM, it follows that 
f ° lx = f{x) - {N - n) logs«,,A on [0, D^^x{M)] for all x e dM. We 
complete the proof of Theorem 11.61 □ 

Remark 7.3. In [21], the proof of Theorem 11.61 in the standard case 
where / = 0, iV = n and p = 2 relies on the approximation theorem 
obtained by Greene and Wn in [16]. It seems that the approximation 
theorem in [16] does not work in onr non-linear case of p 7 ^ 2 . 

Next, we prove Theorem 11.71 

Proof of Theorem O Snppose that M is compact. Let p G (l,oo). 
Snppose > 0 and HfpM > 0. For D G (0,cx)), we assnme 

D(M,dM) < D. By Proposition 17.31 we have fll.91) . 

Assnme that the eqnality in fll.9p holds. By Proposition 17.41 there 
exists a non-negative, non-zero fnnction T in hFo^’^(M, mj) snch that 
= /ip,oo,D and T is G^’"-Holder continnons on M. Pnt <F : = 
4>p,oo,d ° PdM- Then $ coincides with a constant mnltiplication of 4/ on 
M (see Remark 17.21) : in particnlar, 4> is also G^’^-Holder continnons. 

For each x G 9M, choose an orthonormal basis of T^dM. 

Let be the 9M-Jacobi helds along 73 . with initial conditions 

b^x,i(0) = ea;,i and Yf^{0) = For all i we have = E^,i on 

[0,r(a:)], where are the parallel vector helds along with 

initial condition Ex^i{0) = (see Remarks 13.51 and l7.2p . 

We prove Cut dM = SoidM). Since D{M,dM) < D, it holds that 
SD^dM) C Cut dM. We show the opposite. Take po G Cut dM. By 
the property of Jacobi helds, pqm is not diherentiable at po- By fhe 
regnlarity of <F, we see 0p,oo,D(PaM(Po)) = 0; in particular, pauiPo) = 
D. It follows that Cut9M = SoidM); in particular, D{M,dM) = D. 
By Proposition 17.51 we complete the proof of Theorem 11.71 □ 

7.3. Explicit lower bounds. For N G [2, 00 ) and D G (0, cxo), we see 

P2,Nfi,0,D = P2,oo,D = Vr^(2iJ)“^. 

By Theorems 11.61 and 11.71 we have the following: 

Corollary 7.6. Let M be an n-dimensional, connected complete Rie- 
mannian manifold with boundary, and let f : M ^ M. be a smooth 
function. Suppose that M is compact. For N G [n, cxo], we suppose 
Ric^jvr — 0 HfpM > 0. For D G (0, 00 ), we assume D{M, dM) < 
D. Then we have 


(7.6) 
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If the equality in (17.61) holds, then D{M,dM) = D, and {M,dM) is a 
{0,0)-equational model space. Moreover, if N G [n, oo), then for every 
X G DM the function f o 'jx is constant on [0, D]. 

Li and Yau [30] have obtained (I7.6p when / = 0 and N = n. 

Kasue [21] has proved the following (see Lemma 1.3 in [21]): 

Lemma 7.7 ([2l]). For all N G [2,oo), a, A G M and D G (0, Ckp] \ 
{oo}, we have 



In the case of p = 2, by Theorem 11.61 and Lemma [7.71 we have: 

Corollary 7.8. Let M be an n-dimensional, connected complete Rie- 
mannian manifold with boundary, and let f : M ^ M. be a smooth 
function. Suppose that M is compact. For N G [n, oo), we suppose 
^ {N — 1)^ o,nd HfpM > {N — 1)A. For D G (0, Ck,\] \ {oo}, 
we assume D{M,dM) < D. Then we have 



8. First eigenvalue estimates 


Let M be an n-dimensional, connected complete Riemannian mani¬ 
fold with bonndary with Riemannian metric g, and let / : M —)■ M be 
a smooth fnnction. 

8.1. Area estimates. Let 12 be a relatively compact domain in M 
such that dLl is a smooth hypersurface in M satisfying dLl fl dM = 
0. For the canonical Riemannian volume measure voRo on dVt, let 
mfpn := voRn- Put 

(8.1) 5i(12) := inf paM^p), ^ 2 (f 2 ) := sup paM^p)- 

pen pgQ 

Kasue [22] has proved the following when / = 0 and N = n. 

Proposition 8.1. For N G [n, oo), we suppose > {N— 1)k and 

HfpM > {N — 1)A. Let Q be a relatively eompact domain in M sueh 
that dQ is a smooth hypersurface in M satisfying dQ n dM = 0. Then 


(8.2) mf{Q) <mfpn{dQ) sup -vUTTTT 

4G(5i{n),52{U)) 

where (5i(r2) and ^ 2 (^ 2 ) are the values defined as fl8.ip . 


< 52 ( 0 ) N-l 
t ^K,X 
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Proof. Define a function 0 : [(5i(D), 52(f^)] —)■ M by 

r^2(o) 


:= 


I 


du 


l5i{n) 


«:,A 


:5) 


ds, 


and put $ := 0 o By Lemma 13.51 on Int M \ Cut dM 


(8.3) Af^2^>l- 

By Lemma [2751 there exists a sequence {DfcjfcgN of compact subsets 
of D satisfying that for every k, the set dflk is a smooth hypersurface in 
M except for a null set in (5D, m/po), and satisfying the following: (1) 
for all fci, ^2 € hi with ki < ^ 2 , we have C PtkP (2) D \ Cut dM = 
UfceN (3) every k eN, and for almost every point p G 
in {dfl,mfpQ), there exists the unit outer normal vector for flk at p 
that coincides with the unit outer normal vector on dfl for D at p; (4) 
for every fc G N, on dQk \ dfl, there exists the unit outer normal vector 
held z/fc for flk such that gi^ki Pom) A 0. 

For the canonical Riemannian volume measure voR on dflk\dfl, put 
^f,k ■= voR. Let ugn be the unit outer normal vector on dfl 

for D. By integrating the both sides of fl8.3p on Qk, and by the Green 
formula, we have 


mf{Qk)< / A/,2*hdm/ 

J ri/j. 


= - g{uk,'^^)dmf^k - j 

JdfikXdn JaUkridn 

Since gi^i'k, V$) > 0 on dflk \ dfl, we have 


g{ueQ,V^)dmfpQ. 


rrif {flk) < 


g{uan,f7^)dmf^9n. 


' aUk^id^ 

Therefore, from the Cauchy-Schwarz inequality, we derive 

mf{Qk)< / {<P' ° PdM)\g{i'dn,f7pdM)\dmfpn 

<mfpQ,{dfl) sup 0'(t). 


ZG(<5i(0),52(n)) 


By letting fc —)■ cxo, we have fl8.2p . 


□ 


Remark 8.1. In [22], the key points of the proof of Proposition 18.11 in 
the standard case where / = 0 and N = n are to use the comparison 
theorem concerning a generalized Laplacian of pqm proved in [T9|, and 
to apply the approximation theorem in [16] to pqm ■ We see that similar 
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theorems also hold in our weighted case. From this point of view, 
Proposition 18.11 can be proved in the same way as that in |22j . 

In the case of = oo, we have the following: 

Proposition 8.2. Suppose Ric|^j\^ > 0 and HfpM > 0. Let Q be a 
relatively compact domain in M such that dQ is a smooth hypersurface 
in M satisfying dfl fl dM = 0. Then 

(8.4) (^2(hl) - ^i(hl)), 

where (5i(f2) and the values defined as flS.ip . 

Proof. Dehne a function 0 : [5i(f2), (52(f^)] ^ M by 

m := 

and put $ := 0 o pQj^. By Lemma 13.61 on Int M \ Cut DM 

(8.5) Ap2^>l. 

By Lemma [2751 there exists a sequence of compact subsets of 

ff satisfying that for every /c, the set dQk is a smooth hypersurface in M 
except for a null set in (0ff,mjgn), satisfying the following: (1) for all 
fci, /c 2 G hi with ki < ^ 2 , we have C PlkT (2) ri\Cut dM = IJfceN 
(3) for every k E N, and for almost every point p G dQk H dQ in 
{dQ,mf^g^), there exists the unit outer normal vector for Qk at p that 
coincides with the unit outer normal vector on dfl for fl at p; (4) for 
every A: G N, on dflk \ dkl, there exists the unit outer normal vector 
held z/fc for fl^. such that giyk) Pom) > 0. 

For the canonical Riemannian volume measure voR on dflk\dfl, put 
^f,k '■= voR. Let uqq be the unit outer normal vector on dQ 

for fl. By integrating the both sides of fl8.5p on fl^., and by the Green 
formula, we have 


mf{Qk)< / Afp^dmf 

J fj/j. 


/ g{uk,V^)dmf^k- dmfpn- 

laUkXdn JaUkrian 


Since gi^kj V<F) > 0 on dflk \ dfl, we have 


'mf{Qk)<- g{^an,'^^) dmfpn. 

J 50^,090 
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By the Cauchy-Schwarz inequality, 

'mf{Q.k)< / {S2{^) — Pom) \g{i^dn,'^PaM)\druf^gn 

J 8 ft ^.nOQ 

< mf^an (dQ) (52(^1) - 5i(n)). 

Letting k ^ oo, we obtain (18.41) . □ 


8.2. Eigenvalue estimates. Let a G (0, oo). The f-Dirichlet a- 
isoperimetric constant IDa{M,mf) of M is dehned as 


IDa{M, ruf) 


inf 




where the inhmum is taken over all relatively compact domains fl in M 
such that dVL are smooth hypersurfaces in M satisfying dkl fl dM = 0. 
The f-Dirichlet a-Sobolev constant SDa{M,mf) of M is dehned as 


SD^{M, mf) 


inf 


Im 

Ija. ' 




where the inhmum is taken over all non-zero functions 0 in lTg^’^(M, rnf). 

The following relationship between the isoperimetric constant and 
the Sobolev constant has been formally established by Federer and 
Fleming in [T3] (see e.g., [7], [29]), and later used by Cheeger in [8] for 
the estimate of the hrst Dirichlet eigenvalue of the Laplacian. 


Proposition 8.3 ([HI). For all a G (0, cxo) we have 
IDa{M,mf) = SDa{M,mf). 

A proof of Proposition 18.31 has been given in [29] in the case of / = 0 
(see Theorem 9.5 in BSD- The method of the proof also works in our 
weighted setting. 

For N G [2, cxd), k, A G M, and D G (0,C'k,a], let C{N, k, X, D) be a 
positive constant dehned by 

s^V^{s) ds 

(8.6) C(N,k,X,D)~ sup ■'* . 

i6[0,D) [t) 

Notice that C(iV, k. A, oo) is hnite if and only if k < 0 and A = 
in this case, we have C{N^k^X^D) = ((A^ — 1)A)~^ (l — 
in particular, (2 C(iV, k. A, oo))“^ = ((iV — l)A/2 )^. 

By using Proposition 18.11 we obtain the following: 
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Theorem 8.4. Let M he an n-dimensional, connected complete Rie- 
mannian manifold with boundary, and let f : M ^ M. be a smooth func¬ 
tion. Suppose thatdM is compact. Letp G (l,cxo). For N G [n, oo), we 
suppose > {N — !)«; and HfpM > {N — 1)A. For D G (0, 

we assume D{M,dM) < D. Then we have 

(8.7) frp,,p{M)>{pC{N,n,\,D))-P, 

where C{N, k, A, D) is the constant defined as (18.61) . 

Proof. Let be a relatively compact domain in M snch that dQ is a 
smooth hypersnrface in M satisfying dQ fl dM = 0. By Proposition 
18.11 we have 

’L?./(fl) < mfpQ^dVt) C{N, K, A, D). 

By Proposition 18.31 we have IDi{M,mf) = SDi{M,mf). We obtain 
SDi{M, mf) > C{N, K, A, D)-\ Therefore, for all 0 G Wq'\M, m/) 

(8.8) f {(pl dmf < C{N, K, X, D) f ||V0||(im/. 

Jm Jm 

Let "0 be a non-zero fnnction in hPg^’^(M, m^). Pnt q := p {1 — p)~^. 
In (18.8p . by replacing cp with 1-01^, and by the Holder ineqnality, we see 


' M 


\Pdmf <pC{N,K,X,D) / \ij\P-^\\Vip\\dmf 


' M 


<pC{N,K,X,D) 


/ Wdmf\ 

' M J 


\ 1/9 


[ \\V^prdm^ 

' M J 


Considering the Rayleigh qnotient Rf^pipp), we obtain (18.7p . □ 

In the case of = cxo, we have the following: 

Theorem 8.5. Let M be a connected complete Riemannian manifold 
with boundary, and let f : M ^ M. be a smooth function. Suppose that 
dM is compact. Letp G (l,oo). Suppose Ric^^ > 0 and FffpM > 0. 
For D G (0, cxd], we assume D{M, dM) < D. Then we have 

(8.9) 

Proof. Let H be a relatively compact domain in M snch that dfl is 
a smooth hypersnrface in M satisfying dSl fl dM = 0. Proposition 
18.21 implies mf{Q) < mfpn{dQ) D. From Proposition 18.31 we derive 
SDi{M,mf) > D-\ Therefore, for all cp G IT'o’^(M,m/) 
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Take a non-zero function xjj in PTq^’^(M, mj). Put q := p {1 — p) In 
fIS.lOp . by replacing 0 with 1-01^, and by the Holder inequality, we see 

f drrif < p D f ( \'ipY dm^ f f {{Vdmf 

J M \J M J \Jm 

Considering the Rayleigh quotient we obtain (I8.9p . □ 

Now, we prove Theorem II.81 

Proof of Theorem M.^ Suppose that dM is compact. Let p G (l,cxo). 
Let K < 0 and A := \/\k\. For N G [n, cxd), we suppose Ric^^^^ > 
{N — 1)k and HfpM > {N — 1)A. We have 

C{N, K, A, D) = {{N - 1)A)“^ (1 - . 

The right hand side is monotone increasing as iA —)■ oo. From Theorem 
IH31 we derive fOTill . 

Assume that the equality in fll.lOp holds. By Theorem 18.41 we have 
D = oo. Since dM is compact, M is non-compact. By Corollary 16.11 
(M, dM) is isometric to ([0, cxd) Xk,a dM, d^^x), and for all x G dM and 
t G [0, cxd) we have (/ o 7a;) (t) = f{x) + {N — n)Xt. This completes the 
proof of Theorem 11.81 □ 
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